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¢ = Section curvature 
= Elastic curvature in 60 in. beam tests (see Fig. 3.4) 
= Total- curvature in "crack-element" in 60 in. beam tests 
(see Fig. 3.4) 
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1 . 1 STATEMENT OF THE PROBLEM 
CHAPTER 1 
INTRODUCTION 
A review of the literature reveals that there is poor agreement 
among engineers concerning methods of structural analysis and design of 
tunnel liners. Most of the methods used are extremely conservative, 
resulting in uneconomical designs, because they are based on linear 
analyses, usually based on "working-stress ll design methods, and ignore 
the beneficial effects of the nonlinear behavior of concrete and soil. 
Also, the design loads on the tunnel are frequently assumed to be the 
loads that correspond to stress conditions existing in the medium before 
the tunnel was excavated, largely ignoring the effect of interaction 
between the liner and the medium. This interaction results in a 
beneficial red1stribution of the loads on the liner. 
Under ~O$~ c~ the currently used liner design methods, a design 
moment anc dt critical sections would be obtained from a linear 
analysis. dr~ :~~ ~ections dimensioned so that the moment-thrust 
combinat18!"S :I!~ ~f represented within a IIworking stress ll moment-thrust 
interaction C'd':~d~~ this diagram represents all the combinations of 
maximum morner~ ':r d given thrust that the section can resist; the 
calculation of reSistance is based on a linear stress-strain relationship 
for concrete, and the capacity of the liner is assumed to be reached 
when the moment-thrust combination at the critical section reaches the 
"working stress 'l for the materials. This approach leads to a conservative 
2 
section design and does not provide a consistent estimate of the factor 
of safety of the liner sections against failure. 
A more realistic estimate of the factor of safety and a less 
conservative dimensioning of the section would result if the nonlinear 
behavior of concrete is recognized and the section is dimensioned by 
lIultimate strength ll design methods. Furthermore, the nonlinear behavior 
of concrete, in a highly indeterminate structure such as a tunnel liner, 
results in a continuous redistribution of internal forces beyond the 
linear range of behavior. The liner may not fail when the moment-thrust 
path at the critical section reaches the moment-thrust failure envelope 
based on ultimate strength; considerable additional strength beyond that 
point may remain, as the internal moments are redistributed from the 
highly stressed sections to others less stressed, and a more economical, 
and equally reliable liner would result. 
Consideration of soil-structure interaction concepts would also 
reduce the current degree of conservatism in design, resulting from the 
assumed distribution of loads on the liner. Briefly, the concept applied 
to underground structures recognizes that as active ground loads are 
applied to some areas of a liner (in most cases at the crown and invert) 
the liner will deflect inward at these areas, and at the same time deflect 
outwardly against the ground at other locations (in most cases at the 
springlines). Where the liner deflects outward against the ground, the 
ground resists the movement, and additional passive ground pressures 
develop. The total system of active and passive pressures on the lining 
is a more favorable loading than the active and original lateral pressures 
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alone. Examining these concepts in terms of structural response, the 
additional passive ground pressures developed on the line~ reduce th~ 
amount of ovaling that the liner will experience and consequently the 
design bending moment. 
The conservatism of current tunnel analysis and design practices 
is a consequence of the the difficulties involved in the application of 
these concepts of structural nonlinear behavior and of soil-structure 
interaction. Furthermore, the current provisions of the ACT code for 
concrete structures are not entirely applicable to tunnel liners, nor 
is there a comprehensive series of test results to demonstrate the 
validity of concepts of moment redistribution, and the effect of passive 
forces in the structural response. Also, the necessary nonlinear 
analysis methods are not readily available. 
1.2 PURPOSE AND SCOPE 
To alleviate in part the inadequacies in the current understanding 
of the structural behavior of concrete tunnel liners, an experimental 
and analytical research program was undertaken. A series of circular 
concrete liner models about l/2-scale for transportation tunnels, 
reinforced in various ways, were loaded to failure with a loading system 
that incorporates to some extent the concept of soil-structure interaction, 
in the sense that it simulates the development of resisting (passive) 
forces on the liner, where the liner deflects outward. Radial active 
and passive loads were applied around the liner model specimens with 
hydraulic rams. The ram loadings were less realistic than embedment 
4 
of the specimens in a soil medium, but provided more accurate control of 
the test variables. Besides, a more realistic loading would not substan-
tially modify the basic characteristics of the variation of the internal 
forces at the critical sections of the specimens. The active rams at the 
crown and invert applied load increments simulating the ground loads on 
the liner. Passive (resisting) loads developed at the springlines, where 
the liner moved outward against the rams, simulating the resisting forces 
of the ground. The loading device allowed a controlled load-deflection 
relationship (stiffness) for the passive forces. A predetermined linear 
relationship was used in each test for these passive forces and was an 
important variable investigated. Different stiffnesses correspond to 
different ground properties. 
The purpose of these tests was to gain an understanding of the 
basic behavior for the full range of loading of concrete tunnel liners 
with simulated tunnel loading conditions, and to determine the main 
variables affecting that behavior. Of particular interest was the post-
cracking and post-jlelding behavior, the failure mechanism at the critical 
section, and t!'1e dwdilable additional strength beyond the "working stress" 
level. Since t~e Ces1gn of a tunnel lining is based on the thrust and 
moment at critlcai s~ctlons, considerable effort went into determining 
the variation of t~e~e internal forces in the specimens. The experimental 
data was interpretec In terms of established concepts of moment-thrust 
failure envelopes and thrust-moment-curvature curves for concrete sections. 
The main variables investigated were the stiffness of the passive forces 
and the type of reinforcement and concrete strength of the specimens; 
i 
-
,.... 
: 
T 
i 
I 
r 
1 
! 
j 
I 
I 
I 
, 
I 
I 
5 
randomly oriented steel fibers were used as reinforcement in some 
specimens, and a separate experimental and analytical investigation was 
conducted to determine the stress-strain properties of steel-fiber-
reinforced concrete. A series of 6 x 6 x 60 in. beams, cast from the 
same batch of concrete as the corresponding liner specimens, were tested 
to obtain moment-curvature curves. An analytical procedure to compute 
the tensile stress~strain curves from the moment-curvature curves, 
described in Ref. 1 (Herring and Kesler, 1974), was extended and imple-
mented in a computer program. With the actual tensile stress-strain 
curves for the' liner model concrete, parametric studies of some of the 
variables that influence the section behavior were performed. 
A computer analysis based on the finite element method capable of 
analyzing the full loading range of tunnel liners interacting with a 
resisting mechanism was developed. Although in the tests a linear 
resisting mechanism was used, the analysis has the capability of modeling 
a nonlinear one for future research. The liner was modeled using one-
dimensional beam elements capable of representing unreinforced and 
reinforced concrete members with a general stress-strain curve. A 
tensile stress-strain curve and the compressive curve including the 
descending branch for concrete, and the stress-strain curve with strain-
hardening for reinforcing bars can be modeled by a .piecewise~linear 
curve. The resisting mechanism (passive forces) that simulated the 
interaction with the ground in the test was modeled by springs. Large 
deformations of the liner-spring system were considered in the analysis 
procedure. The performance of the analysis was assessed by comparing 
6 
computed and experimental results for two of the test specimens. The 
specimens were modeled in different w~ys to investigate some of the 
variab~es in the analysis. The final product was an analytical tool 
checked and adjusted with the aid of experimental data suitable to extend 
the experimental results over a wider range of variables, otherwise 
impractical and uneconomical to conduct on an experimental basis. 
In Chapter 2, the experimental program is described in detail; 
standard material properties, test procedures and a description of the 
instrumentation are given. Chapter 3 is devoted to the determination of 
stress-strain curves for the different materials used to make the liner 
model specimens, in particular those of steel-fiber reinforced concrete. 
In Chapter 4, the load-deformation characteristics of sections of the 
test specimens are computed analytically. Using the stress-strain curves 
obtained in Chapter 3, moment-curvature curves for important sections are 
computed, and from these curves various moment-thrust envelopes are 
obtained. The effect of some of the variables on the characteristics of 
those curves and envelopes is discussed, as well as the relevance of 
those characteristics to the behavior of the structure. 
The results of the liner specimen tests are presented in Chapter 5. 
A detailed account of the observed physical behavior during testing is 
given. The results of the various measurements taken during the tests 
are presented. These measurements include load vs. diameter change, 
relative rotation between the ends of segments of the specimens, and 
magnitude and distribution of external loads. The experimental measure-
ments and computations required to obtain the internal forces in the test 
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specimens receive considerable attention. Moment, thrust and shear 
diagrams are given as well at moment-thrust paths for selected sections. 
Chapter 6 is devoted to discussion of the experimental data 
presented in Chapter 5. The deformation and strength of the specimens 
and how they are influenced by the main variables, are discussed. 
Emphasis is given to the understanding of the step-by-step variation of 
internal forces in the tests, in particular the moment-thrust path at 
critical sections. This variation of internal forces is examined using 
the moment-curvature curves and moment-thrust envelopes computed in 
Chapter 4. 
Chapter 7 is devoted to analysis of the tunnel liner specimens. 
The assumptions on which the analysis is based, its capabilities, 
theoretical formulation, and numerical solutions are described. The 
analysis results are compared with the 
the test specimens. Different ways of modeling a test specimen are 
described and the influence of some of the variables involved in the 
analysis are discussed. 
A final summary and the conclusions of this investigation are given 
in Chapter 8. 
8 
CHAPTER 2 
TEST PROGRAM FOR TUNNEL LINER MODELS 
2.1 OVERVIEW 
Six circular concrete rings that model a short length of cast-in-
place monolithic tunnel liner were tested to failure under radial loads 
that simulated tunnel-loading conditions. Dimensions of the models are 
shown in Fig. 2.1. The tests that will be described are designated C3 
through C6. In an earlier study reported in Ref. 2 (Paul et al., 1974), 
two concrete models twice as long as those shown in Fig. 2.1 but other-
wise of similar geometry, were tested under similar loading conditions. 
These specimens were designated Cl and C2. Specimen C2 failed prematurely 
and will not be discussed. The data from specimen Cl will be presented 
with adjustments to make it correspond to a specimen one-half of its 
actual height. 
The tunnel liner models were tested by applying active forces in the 
region that represents the crown and invert of the tunnel as shown in 
Fig. 2.2; passive forces in the region that represents the springlines 
were allowed to react against the specimen to resist the tendency to 
deform outward at these points as a result of the active loads. For ease 
of reference, cardinal positions have been arbitrarily assigned to the 
model in Fig. 2.2. North and South (N and S) designate the crown and 
invert regions, and East and West (E and W) are the springline regions. 
The magnitude of passive forces was controlled so that a predetermined 
linear force-deflection path was followed. The force-deflection ratio of 
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these forces is the stiffness of the passive mechanism designated Ks' 
and its magnitude varied among the tests as follows: 
Specimen 
Cl 
C4, C5, C7, C8 
C3, C6 
2.2 MATERIAL PROPERTIES 
Total Stiffness, 
kips/in. 
25 
100 
250 
Stiffness per Unit 
Length of Specimens, 
kips/in./ft 
8.3 
33.3 
83.3 
Six of the specimens, designated Cl through C6, were cast with steel-
fiber-reinforced concrete, with a fiber content of 1.5 percent by volume. 
The fiber was U.S. Steel Fibercon, which is 1 in. long and 0.022 x 0.010 in. 
in cross section. To obtain low strength in specimens C3 and C6, fly ash 
was substituted for part of the cement. Besides a reduction in strength, 
fly ash maintains the proportion of cementitious solids in the mix. The 
compressive strength f' for the specimens obtained from 6 x 12-in. cylinder 
c 
tests varied from 1600 to 7600 psi, as shown in Table 2.1, where a summary 
of the standard properties for the hardened concrete is presented. Specimen 
C8 was reinforced with conventional deformed bars with a steel ratio, 
A /bd, of 0.0044 in both the inside and outside faces. Specimen C7 was 
s 
unreinforced. A summary of the standard material properties is given in 
Table 2.1. Further details of the reinforcement and fabrication of the 
specimens and material properties are given in Appendix A. 
The modulus of rupture test, as specified in Ref. 3 (ASTM C 78-75) 
provides a standard means of determining the tensile strength of unrein-
forced concrete in flexure. In this test a simple beam with a span three 
10 
times its depth is loaded at the third point. The maximum tensile 
stress reached is referred to as the modulus of rupture f
r
, and is 
found by application of the formula, 
f = 
r 
where fr = modulus of rupture, or maximum tensile stress at failure 
in flexure 
M . = 
r maximum bending moment at failure, computed by statics from the third point loads at failure 
Yr = one-half the depth of the beam 
I = moment of inertia of the uncracked section. 
(2.1) 
This method for calculating fr implies a linear stress distribution from 
the top to bottom fibers. Since conventional concrete has an approximately 
linear stress distribution up to cracking, then f is a reasonably close 
r 
approximation to the maximum tensile stress at flexural failure. However, 
when the standard modulus of rupture test is applied to fiber-reinforced 
concrete and fr is computed by the straightforward appl"ication of Eq. 2.1, 
the intended tensile stress is in error. In Chapter 3 it will be shown 
that the tensile stress~strain curve for fiber-reinforced concrete is 
nonlinear, and consequently the use of Eq. 2.1 will yield a peak stress 
for fictitious equivalent linear stress distribution. Nevertheless, the 
modulus of rupture test is a convenient measure of the flexural strength 
of fiber-reinforced concrete, and the standard nomenclature, f , has been 
r 
retained to indicate that strength. It should be understood, however, 
that reported values of modulus of rupture applied to fiber-reinforced 
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concrete are meant only to be an index of the flexural strength of the 
material, suitable for establishing strength comparisons between different 
fiber-concrete mixes (and perhaps between plain and fiber-reinforced 
concrete). These comparisons are most meaningful when the test beams 
are of the same geometry. 
Values of the initial modulus of elasticity E of fiber-reinforced 
concrete from two sources are reported in Table 2.1. One source was the 
compressive stress-strain curve of the concrete obtained from tests on 
cylinders, and the other was the measured deflection from flexure tests 
on 60 in. beams. Both tests will be described in detail in Chapter 3. 
The E used in later calculations was selected from the source considered 
more reliable (Table 2.1). The material properties of fiber-reinforced 
concrete will be discussed further in Chapter 3. 
2.3 TEST PROCEDURE 
The liner model specimens were tested with the longitudinal axis 
oriented vertically. The test arrangement, load positions and load 
designations are shown in Fig. 2.2. Loads were applied radially at 
twelve positions spaced 30 degrees apart, by two hydraulic rams at each 
position with steel load-spreading beams 8 in. wide, to distribute the 
loads of the two rams. 
The weight of the specimen rested on nests of rollers at the N, E, 
S, and W positions oriented to roll in the radial direction. To prevent 
rigid body rotations experienced in the earlier tests (Cl and C2) 
reported in Ref. 2 (Paul et al., 1974), special braces were provided 
12 
at the cardinal points that forced the specimen to displace at these 
points only in the radial direction. These restrictions in the movement 
gave rise to tangential forces between the braces and the specimen that 
are of some importance in the computation of internal forces when the 
specimen approached failure. The braces were modified in tests C7 and C8, 
to measure those tangential forces; details of the device are given in 
Appendix B. Further details concerning these forces will be given, in 
connection with the computation of internal forces in Section 5.4.1. 
All 12 of the active rams were connected hydraulically so that the 
loads varied only slightly due to difference in ram friction. The average 
active load P is the load in two rams at one active load position obtained 
as two times the average of all 12 active rams. Each set of 4 passive 
rams, two at each end of each diameter in the passive force positions, 
was also connected hydraulically; thus the passive forces PA, PB' and 
Pc (Fig. 2.2(a)) are the total force at the passive force position 
obtained as two times the average of the 4 ram forces on the corresponding 
diameter. 
The tests proceeded by increasing the pressure in the active rams 
while the passive forces were adjusted to attain the desired stiffness 
value described in Section 2.1. Once the passive loads and the radial 
deflection of the points of application of these loads reached the 
required value, instrument readings were taken. Pressure in the active 
rams was again increased, and the process repeated until the specimen 
failed. Additional details concerning operation of the passive and 
active forces, data processing and testing procedure are given in 
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Appendix B. 
2.4 INSTRUMENTATION 
The instrumentation had two objectives: to determine the overall 
behavior of the model in terms of loads and deformations, and to make 
measurements that would allow the calculation of internal forces so that 
the moment, thrust and shear at all sections and the redistribution of 
moments in the model could be determined as loading progressed. 
The overall structural response was monitored by measuring the 
diameter changes at all six loaded diameters with linear variable 
differential transformers (LVDT's) connected to tensioned wires across the 
diameter. At the end of each of these diameters, the movement was also 
measured relative to the test floor with dial gauges in the radial direction 
of the undeformed specimen. The LVDT measurements located on the passive-
load diameters were also used to adjust the passive forces so that the 
predetermined load-displacement behavior was maintained. Loads applied 
by each of t~~ Z4 rams were measured with load cells placed between the 
ram and the :0a~ s~read beams. 
Rela~',p ~~~ctlon of the ends of approximately 14 degree segments 
of the s~eCH'·,t'r ~€'r~ered at the cardinal points was measured. These 
segments ex~erjp~ about 7 in. on each side of the cardinal points. 
Surface ~:rd'r Measurements were made in a zone around the four 
quarter poin~s of the specimen~ Strain gages were placed circumferen-
tially at midheight, inside and outside the specimen, for the purpose 
of locating the inflection points. Details concerning these measurements 
14 
and related matters will be discussed further in connection with the 
computation of internal forces in Section 5.4.1. The position of the 
gages, and the instrumentation in general are described in Appendix B. 
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CHAPTER 3 
DETERMINATION OF THE MATERIAL STRESS-STRAIN PROPERTIES 
3. 1 PRELIMINARY REMARKS 
Determination of the stress-strain curves in tension and compression 
for the materials used in fabrication of the test specimens is discussed 
in this chapter. In Section 3.2, the stress-strain curves in compression 
for unreinforced and fiber-reinforced concrete are described. The tension 
curve for unreinforced concrete was assumed to be linear up to the cracking 
stress obtained from the modulus of rupture tests, and to have no strength 
beyond that value. The modulus of elasticity in tension was assumed to 
be the same as in compression. The behavior in tension of plain concrete 
is not given special attention. 
The tensile properties of fiber-reinforced concrete are considerably 
different from those of unreinforced concrete, and contribute appreciably 
to the behavior of the material. In Section 3.3, the results of an 
experimental and analytical program conducted to obtain those properties 
are described. 
In Section 3.4, the stress-strain properties of the steel used to 
reinforce specimen C8 are described. 
3.2 COMPRESSION PROPERTIES FOR CONCRETE 
Standard 6 x l2-in. cylinders, cast from the batch of concrete used 
for each liner specimen and cured under the same conditions, were tested 
to obtain the stress-strain curve. The testing machine used was a 600-kip 
16 
capacity closed-loop hydraulic type. The rate of head movement was 
varied from 0.3 to 0.003 in.lmin. The ability to control the strain 
rate of the machine and its large stiffness relative to the specimen, 
prevented large movement of the machine head when the peak load was 
reached; as a result the specimen was not destroyed and the descending 
branch of the stress-strain curve could be determined. Cylinder deforma-
tion was measured with a 6-in. gage length compressometer centered at 
the midheight of the specimen. The compressometer consisted of two rings 
6-in. apart attached to the specimen with pointed set screws and provisions 
for measuring the re-Iative movement of the rings with an LVDT. The output 
of the load cell of the testing machine, and of the LVDT, were connected 
to the "yll and "X" axes, respectively, of an X-Y recorder. Thus, a 
continuous recording of the load and deformation was obtained. The stress-
strain curve was calculated by dividing the load by the area of the 
cylinder, and the deformation by the 6-in. gage length. 
The maximu~ s~ress resisted by the cylinder, the strain at which it 
was reached, and t~e slope of the descending branch of the stress-strain 
curve were ;nfluer.:e~ by the rate of deformation imposed on the cylinder; 
this was more ev'dp~~ for specimens with fly ash in the mix (specimens C3 
and C6). The ef·ec~ of the rate of deformation on the strength of the 
cylinders of speCl~er.j (7 and C8 is discussed in Appendix A. 
The scatter of numerical results and the small number of cylinders 
tested do not allow quantitative conclusions to be drawn concerning the 
effect of rate of deformation on the stress-strain properties of the 
concrete. Qualitatively, the following observations were made: a) The 
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rate of deformation did not influence the shape of the stress-strain 
curve up to about three-quarters of the maximum stress, i.e., it did not 
influence the initial modulus of elasticity. b) The smaller the rate of 
deformation used, the smaller the maximum stress, and the greater the 
strain at the maximum stress. c) For the same rate of deformation 
imposed on the specimen, the strain at the peak increased as the peak 
stress increased. d) The slope of the descending branch of the stress-
strain curve was flatter for smaller rates of deformation; for the range 
of rate of head movement used, the values of the descending slopes at the 
faster rates were more than twice those at the slower rates. Slopes of 
the descending branch of about 250 ksi were obtained for a rate of head 
movement of 0.006 in.fmin, or a strain rate of about 6 x 10-6 in.fin.-sec. 
In Fig. 3.1 typical stress-strain curves, determined as explained 
above, are presented. They correspond to the faster end of the range of 
head movement given above. The maximum stress for some of the curves may 
not agree with f' for the specimen because the curves in the figure were 
c 
determined with a different rate of deformation than that specified to 
obtain f', or because the age of the cylinder when tested was different 
c 
from the age at which the f' was obtained. Also, the slope of the 
c 
descending branch of the curves is not strictly representative of the 
test specimen, because they were tested with a different strain-rate 
in the concrete. 
The contact pressure between the load-spreading beams and the liner 
model provides confinement to the concrete under the beam. Confinement 
alters the stress-strain curve of the concrete, and that effect may be 
18 
important in the behavior of some sections in specimen C8, as will be 
explained in a later chapter. One estimate of the stress-strain curve 
for concrete under confined conditions is given in Fig. 3.1; the peak 
stress on the curve was determined from the relationship given in Ref. 4 
(Richart, Brandtzaeg, and Brown, 1928) for cylinders load axially to 
failure while subjected to a confining fluid pressure 
where 
f' = f' + 4.1 f 
cc c £ 
f' = axial compressive strength of confined cylinder 
cc 
f' = uniaxial compressive strength of unconfined cylinder 
c 
f£ = lateral confining fluid pressure. 
(3.1) 
The value of f£ was determined as the average contact pressure under the 
load-spreading beam at ultimate load. This pressure was approximately 
520 psi during the testing of specimen C8. The strain at peak stress and 
the slope of the descending branch of the curve were adjusted to match 
the shape of the curves appearing in Ref. 4 for a confining pressure 
similar to the contact pressure applied to specimen C8. The estimated 
increase in uniaxial compressive strength given by Eq. 3.1 is probably 
conservative, because similar tests reported in Ref. 5 (Balmer, 1949) 
have given values larger than 4.1 for the coefficient in the equation. 
Values of the initial tangent modulus of elasticity, E, for curves 
such as those in Fig. 3.1 are smaller than the values predicted, for 
design purposes by the equation 57000 f' given in Ref. 6 (ACI Code, 1971), 
c 
where f' is in psi. This equation was obtained from data consisting 
c 
primarily of measurements of initial tangent modulus. For all the 
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cylinders tested in this study the values of E measured from the curves 
were from 60 to 66 percent of those predicted by the ACT formula for 
the fiber-reinforced mixes, and from 74 to 80 percent for the unrein-
forced mixes; details of these comparisons are given in Table 2.1. 
The lower values of E for the fiber-reinforced mixes may be the result 
of more voids in the concrete caused by interference of the fibers in 
compaction of the matrix. 
The peak of all the curves shown in Fig. 3.1 Occurs at strains 
larger than the traditional value of 0.002 for conventional mixes. For 
all of the cylinders tested, the peak stress occurred at strains from 
0.0025 to 0.0035 for ordinary concrete without fiber reinforcement 
(specimens C7 and C8), from 0.0030 to 0.0045 for fiber-reinforced mixes 
of higher strength (specimens C4 and C5), and from 0.0040 to 0.0075 for 
fiber-reinforced mixes of lower strength with fly ash as an important 
component (specimens C3 and C6). However, recent research in Ref. 7 
(Hughes and Fattuhi, 1977) shows curves for conventional unreinforced 
mixes that have peaks at strain values of about 0.0033, so the values 
obtained in these tests appear reasonable. The large strains at the 
peak stress for fiber-reinforced mixes may be expected because the fiber 
provides greater resistance to disintegration of the concrete near the 
peak of the curve. 
The greater capacity of fiber-reinforced mixes to resist disintegra-
tion and lateral strain is probably also responsible for the flatter 
than usual descending branches exhibited by the curves; this effect is 
particularly present for the low strength specimens C3 and C6 that were 
20 
characterized by unusually flat curves. 
3.3 FLEXURAL-TENSION PROPERTIES OF FIBER-REINFORCED CONCRETE 
3.3.1 TEST DESCRIPTION AND STRENGTH RESULTS 
An investigation into the mechanical properties of steel fiber 
reinforced concrete applicable to structural analysis is reported in 
Refs. 1 and 2 (Herring et al., 1974 and Paul et al., 1974). After the 
steel-fiber reinforced concrete has cracked in flexural tension the 
material has reserve strength and ductility provided by the fibers that 
cross the crack. In Refs. 1 and 2 some initial work was done to study 
the average flexural tension stress-strain properties of the material 
surrounding a tension crack in a beam after the crack has occurred. 
These pseudo-stress-strain properties were calculated from load-
deflection measurements obtained during the testing of beams. 
The same general type of tests was performed in this research to 
find flexural tension stress-strain curves corresponding to the liner 
model concrete. Eleven 6 x 6 x 60 in. steel-fiber-reinforced concrete 
beams were tested with 2-point loading as shown in Fig. 3.2 to obtain 
the load-deflection history in the constant moment region between the 
loads. The beams were cast during the same operation as the liner 
specimens and cured under the same conditions; therefore, the material 
properties of these specimens were representative of those of the 
corresponding liner specimens. 
Deflections at midspan relative to the ends of the constant moment 
region in the beam were measured with linear variable differential 
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transformers (LVDT's). LVDT No.1 in Fig. 3.2 had a high resolution and 
provided an accurate deflection measurement up to slightly past the peak 
of the load-deflection curve. LVDT No.2 had a greater range but less 
accuracy and provided the entire load-deflection curve. The load-
deflection paths were recorded graphically with an X-V recorder and a 
typical set of curves are shown in Fig. 3.3. 
After testing the 60-in. beams, the remaining portions of the 
specimens were tested in the manner specified in Ref. 3 (ASTM C 78-75) 
to obtain a standard modulus of rupture from 6 x 6 x 21 in. control 
specimens. The resulting modulus of rupture f;* for the individual 
pieces, the modulus of rupture f* for the original long beam (6 x 6 x 
r 
60 in.), and the modulus of rupture f for the control specimens (6 x 
r 
6 x 21 in.) for the corresponding liner model are listed in Table 3.1. 
A large variability in tensile strength within a member can be 
observed in the results of Table 3.1 The f* for all of the original 
r 
beams is lower than the f** for the pieces; the ratio of strengths 
r 
f*/f**, shown in Table 3.1, ranges from 0.94 for C6 to 0.69 for C4. 
r r 
This difference between f** and f* probably occurs because the original 
r r 
beam failed at the weakest section within the constant moment region, 
and the remaining material within the region (68 percent of the total 
span) was thus stronger. Differences in f** between the highest and 
r 
lowest values for individual pieces belonging to the same original beam, 
were as high as 42 percent, and the average beam difference for all 
beams was about 20 percent. 
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The variability of modulus of rupture observed above for the original 
beams was also observed in 3 x 3 x 15 in. control beams in Ref. 8 
(Halvorsen, 1976). In this reference, an investigation of the mechanical 
properties of fiber-reinforced concrete for various types and fiber 
contents was conducted, and it was concluded that " ... strength varia-
bility increases with participation of fibrous reinforcement in overall 
determination of strength. II It appears that the variability of flexural 
strength of fiber-reinforced concrete, as expressed by the modulus of 
rupture, is larger than for unreinforced concrete. For the same type of 
fiber and fiber content used in the research reported herein, values of 
the coefficient of variation for the modulus of rupture of 0.14 are 
reported in Ref. 8 for a sample size of 12 short beam specimens. For the 
same mix but without fiber, values reported for the coefficient of 
variation for the modulus of rupture were from 0.07 to 0.10. For the 
control specimens tested in the research reported herein, the coefficient 
of variation for f , obtained from 6 x 6 x 21 in. beams, ranged from 0.07 
r 
for specimen C3 to 0.23 for specimen C4, with sample sizes of 5 to 6 
beams for each group. 
Evaluation of the data described above on the variability of flexural 
strength for the original long beam and its pieces, and for short beams, 
leads to the conclusion that the distribution of flexural strength within 
a member cast with fiber-reinforced concrete can vary as much as 30 percent. 
The difference in strength within a member probably increases, as the 
length and/or the cross section dimensions increase. It may be expected 
that the differences in flexural strength at different section within 
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the liner specimens will be as large as the differences found in the 
long beams. 
A decline in flexural strength from short to long beams has been 
observed in the past. Reference 8 reported a decline of 31 percent from 
short 3 x 3 x 15 in. to long 4 x 6 x 60 in. beams cast with various types 
of fiber, and a decline of 25 percent for beams cast with unreinforced 
concrete. Reference 1 also reported a decline of 23 percent from short 
3 x 3 x 15 in. to long 6 x 6 x 60 in. beams for beam specimens cast with 
the same type and content of fiber used in this research. The authors 
of those references attributed this decline mainly to the different size 
of beam cross sections that were 3 x 3 in. for short beams and 4 x 6 in. 
for the long beams. 
A decline in flexural strength from short to long beams was also 
observed in this research. In Table 3.1, the ratio of the modulus of 
rupture for the 6 x 6 x 21 in. beams, fr' to the modulus of rupture for 
the 6 x 6 x 60 in. beams, f*, is presented. The tensile strength of the 
r 
short beams was from 5 to 66 percent higher than the long beams except 
in specimen C3 where the tensile strengths were about equal. It seems 
reasonable to expect a decline in flexural strength, even for the same 
cross section of the short and long beams tested in this research, 
because the long beams had a larger volume of concrete with a constant 
moment, thus increasing the probability of flaws in the concrete in the 
highly stressed region. Furthermore, flexural strength is influenced by 
differences in vibration, curing, and other factors. Vibration in the 
small members was probably more uniform, rendering them better compacted, 
24 
and consequently with less potential flaws. 
Examination of the data on the flexural strength of short and long 
members indicates that a generous reduction factor should be applied to 
the average flexural strength obtained from control beams in attempting 
to estimate the flexural strength of a liner specimen. No attempt was 
made to establish a numerical value for such a reduction factor. 
A summary of the results of the eleven 60 in. long beam tests is 
given in Table 3.2. The information obtained in only three tests was 
used for computing the flexural stress-strain curves because the load-
deflection curves for the others appeared to be unreliable. Some of the 
beams for specimen C3 were precracked during handling, and some of the 
others were tested at a head movement rate that was later considered to 
be too fast. Precracking disrupted the early part of the load-deflection 
curve, but did not appear to alter the load capacity of the beam. 
3.3.2 COMPUTATION PROCEDURE FOR FLEXURAL TENSION ?ROPERTIES 
3.3.2.1 ANALYTICAL DEVELOPMENT 
Considerable research in the past has concentrated on obtaining the 
stress-strain relationship for ordinary concrete in compression. A 
notable effort described in Ref. 9 (Hognestad, Hanson, and McHenry, 1955) 
showed that the stress-strain curve obtained from a standard compression 
cylinder and the stress-strain relationship for the compression region of 
a beam are not greatly different. This was done by adjusting the loads 
on a beam-column of plain concrete so that the neutral axis remained at 
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one edge and the strain varied linearly from zero at that edge through 
the specimen, so the specimen simulated the compression region of a beam. 
Loads and the strain distribution were measured. From equilibrium and 
compatibility it was possible to calculate the stress distribution in 
the concrete in compression using an iterative process. 
The same basic technique was used to calculate the average flexural 
tension stress-strain curve for the region of a beam surrounding a crack 
in a steel-fiber-reinforced concrete beam in Ref. 1. The specimen was a 
beam with a long region of pure moment as shown in Fig. 3.4(a), and the 
loads and deflection in the pure moment region were measured as described 
in Section 3.3.2. In Ref. 1, numerical difficulties were encountered so 
that only a small portion of the stress-strain curve could be calculated 
after the crack formed. To obtain the flexural tension stress-strain 
curves for the model liner concrete, the same technique was used, but the 
computational process was improved so that the entire curve could be 
computed. 
When d era:_ formed within the constant moment region, the beam in 
this reglor .~s ~lvided into cracked and uncracked portions for computa-
tional pur;c~~~. Since the crack influences the stress in the beam 
adjacent tc 1~ ·cr some distance causing inelastic curvatures in an area 
surrounding :~f cra:k. the cracked portion was replaced in the computations 
by a homogerE':J...I r €"lerr.ent with different properties, i.e., "crack-element!', 
shown shaded ln ~jg. 3.4(a). The inelastic curvatures in the crack-element 
were approximated by a constant curvature, ~i - ~2' spread over an assumed 
length "W /I of the crack-element. 
c 
The uncracked region was assumed to 
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maintain the same linear properties as before the crack. The compression 
stress-strain curve was assumed to be linear in both the cracked and 
uncracked portions of the beam. The average tensile stress-strain curve 
for the element surrounding the crack was then computed. This approach 
results in a stress-strain relationship that averages the influence of the 
crack over a finite length of beam. The load-deflection history of the 
beam will be reproduced if the computations are reversed and if the crack-
element has the same dimensions as those used to obtain the stress-strain 
curves. The tensile stress-strain curve thus computed was assumed to be 
valid when an axial thrust also acts on the crack-element as in the liner 
model. 
The procedure described above has the advantage that the stress-
strain relation can be applied to a comparable element in a finite element 
representation of a structure, giving the entire element the same proper-
ties. It was for this reason that this approach was adopted, although 
there are some disadvantages. The stress-strain curves are not unique, 
and vary with the length of element selected. This aspect of the 
computations will be discussed further in Section 3.3.4. 
The analytical procedure is outlined in Figs. 3.4 and 3.5. The first 
point on the stress-strain curve that was calculated corresponded to the 
first deviation of the load-deflection curve from linearity. This occurred 
when cracking first began on the tension side of the beam. As cracking 
progressed with increasing load the stress continued to be calculated at 
this same point on the beam. At successive loads, the average curvature 
¢2 in Fig. 3.4(d) was calculated from the moment and deflection of Figs. 
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3.4(b) and (c) by applying the moment area theorems. The calculations 
resulted in an average moment-curvature curve for the crack element 
shown in Fig. 3.5(b). The points "All in Figs. 3.5(a) and (b) represent 
the first deviation of the curves from linearity and thus the start of 
the crack. The corresponding stress was calculated from the linear theory 
and is labeled f on the stress-strain curve of Fig. 3.5(c). p 
From consideration of a small element at the extreme tension fiber 
of the beam it is clear that when the matrix cracks the stress must be 
resisted by the fibers alone. For the type and amount of fibers used in 
these models, a reduction in stress resulted because the stress across 
the crack that the fibers could resist was less than that resisted by the 
matrix plus the fibers before the crack at the strain that cracked the 
matrix. The drop in stress, ~f, shown in Fig. 3.5(c) can be related 
analytically to the change in slope of the moment-curvature curve at 
point A in Fig. 3.5(b) by the following relation derived in Ref. 1: 
2fp ~M' 
~f = --------- (3.2) 
(3 M I - ~M I ) 
elastic 
where f maximum tensile stress at the cracki1g point p 
6M' = change in slope of the M-¢ curve, from the slope of 
the linear portion, at the point of slope discontinuity 
M~lastic = slope of the linear portion of the M-¢ curve (EI) 
Determination of the best value for the change in slope of the moment-
cur vat u r e cur v e (~r~ I ) w hen fir s t c r a c kin g 0 c cur r ed r e qui red s p e cia 1 
techniques. One such technique used in this research is described in 
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Ref. 1 and summarized in Appendix C. 
After cracking, points on the stress-strain curves were found 
successively by using all of the previously obtained points and deter-
mining the new stress value at the bottom fiber of the beam so that 
equilibrium and compatibility are satisfied on the section in terms of 
the moment and curvature obtained from the load-deflection curve. This 
was an iterative procedure described in Ref. 1. 
The computation of stress-strain values was carried out for only a 
short range of strain beyond the stress drop in Ref. 1, after which large 
oscillations of the stress built up as the computation proceeded. 
3.3.2.2 NUMERICAL CUMPUTATION OF THE ANALYTICAL PROCEDURE 
Oscillations in the computed stress-strain curve encountered in the 
original computationai efforts were caused by sensitivity of the numerical 
procedure. A sr,dl1 departure of the computed moment-curvatures value from 
a smooth curve prcj~ced a much larger oscillation in the corresponding 
stress that was Cd c~~a~ed. The reversed process has the opposite effect; 
the moment-cur~dt~rf Curve is rather insensitive to variation in the 
stress-strain c~r~e u~ed to compute it. 
To carry o~~ ~~~ procedure described in Section 3.3.2.1 a computer 
program was writt pr ~r, FORTRAN language. Primary input data was the 
position of the crd:~ dnd a set of discrete load-deflection points taken 
from the continuouslj" recorded load-deflection graph. These points 
followed an imaginary curve over the crest of the small oscillations on 
the load-deflection graph, such as the one shown in Fig. 3.3 and its 
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schematic representation in Fig. 3.5(a). A corresponding set of moment-
curvature points was then computed. The length Wc of the crack-element 
may have any desired value but was taken as 6 in. in calculations of the 
stress-strain curves for the specimens. A smoothed M-¢ curve (Fig. 3.5(b)), 
was obtained by fitting a polynomial, using the least-square method, 
through the calculated points. The computer program can perform the 
computations for any degree of polynomial requested; however, it was 
empirically observed that as the degree of the polynomial increased beyond 
a certain point, the fitting of the experimental points did not continue 
to improve because of round-off error in the calculations. 
At the present stage of development of the computer program, a single 
polynomial must be used to represent the entire range of M-¢ points for 
the computations. When the range of M-¢ points is increased, the degree 
of the polynomial should be increased, and ultimately this may be the 
source of some loss of accuracy, as will be explained below. In computing 
the polynomial there are two choices: 1) Fit a polynomial with no con-
straints on the slope at the point A shown in Fig. 3.5(b). The slope at 
the right of point A to be used in the computation of the 6M', required 
in Eq. 3.2, will be equal to the derivative at point A of the fitted 
polynomial. 2) Specify a predetermined value of the slope at the right 
of point A, to be used in the process of finding the fitted polynomial. 
This predetermined value of the slope could be one obtained by an inde-
pendent and more accurate procedure, such as that computed by the method 
described in Appendix C. 
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For the same accuracy of fitting the data points, the degree of 
the polynomial must be greater when using a prescribed slope, because 
the process of fitting is constrained by the specified slope, and the 
freedom of the polynomial to accommodate the calculated M-~ points is 
reduced. 
The magnitude of the stress drop given by Eq. 3.2 depends on the 
change in slope 6M ' at point A, and the procedure described in Ref. 1 
and summarized in Appendix C to obtain that quantity provides good 
results. Another approach to obtain ~ .. , however, is to evaluate the 
derivative of the fitted polynomial with unprescribed slope at point A, 
and subtract this slope from the initial linear slope of the M-¢ curve. 
The resulting stress drop computed from Eq. 3.2 with this 6M ' will be 
somewhat different from that obtained using the former procedure. Each 
approach has advantages and disadvantages: 
1) If the polynomial with an unprescribed slope is found to fit 
the M-~ points near the cracking point adequately, the computed stress 
drop will not differ appreciably from the drop computed using a prescribed 
slope at point A. However, to obtain that accuracy, only a short range 
of M-~ points should be used in the computations. 
2) If the whole range of the load-deflection curve, as given by 
LVDT No.2 in Fig. 3.3(b), is to be used in the computations of the 
stress-strain curve, a fitted polynomial using an unprescribed slope 
will give better overall representation of the experimental points, but 
the slope at cracking and consequently the stress drop may not be as 
accurate. 
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3) If only a short range of the load-deflection curve is to be 
used in the computation as given by LVDT No.1 in Fig. 3.3(a), the 
fitted polynomial with a prescribed slope will give the best results in 
terms of the stress drop and in the overall representation of the M-¢ 
points, but the entire stress-strain curve cannot be calculated. 
In Fig. 3.5(c) a typical stress-strain curve is shown schematically. 
The general qualitative shape of the stress-strain curve will not change 
appreciably from one to another of the available options to compute the 
polynomial. 
3.3.3 COMPUTED FLEXURAL STRESS-STRAIN CURVES 
Load-deflection graphs from three tests described in Section 3.2 
were used to compute stress-strain curves. Information from both LVDT 
Nos. 1 and 2 were used in the computation, and the full experimental 
load-deflection curve was included in the computations. 
It was convenient to relate the length w of the crack-element to c . 
the depth of the beam; and for these studies it was assumed equal to the 
depth, or 6 in. Any other reasonable assumption of the width of the 
element could have been made and the resulting stress-strain properties 
would also have r'eproduced the load-deflection history of the beam from 
which they were derived. The applicability of the tensile stress-strain 
properties obtained from tests on beams 6 in. deep to structures of 
different cross-sectional depth, requires further research. 
In Fig. 3.6 the computed stress-strain curves are shown. The M-¢ 
curves were fitted with a 30th degree polynomial and the slope at point A 
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was not prescribed. No adequate beam load-deflection history for the 
concrete of specimen C3 was available'. However, the average cylinder 
strength of specimen C6 was only 10 percent less than specimen C3 and 
the mix was the same, so for simplicity it was assumed that the tensile 
stress-strain curve for specimen C3 had the same shape as specimen C6 
but with 10 percent lower stress. The assumed curve for specimen C3 is 
also shown in Fig. 3.6. 
The stress-strain curves have a linear portion up to the initial 
peak, drop suddenly to a lower value when the concrete matrix cracks, 
and descend irregularly as the steel fibers resist stress across the 
crack. The crack is not visible at the computed cracking stress. In 
the tests described in Section 3.3.2, the crack became visible shortly 
beyond the peak of the load-deflection curve (also the point of maximum 
moment). The strain corresponding to the maximum moment is shown in 
Fig. 3.6 on the three computed curves. The stress after the drop was 66 
to 69 percent of the initial peak value. The stress at cracking, fp 
(also the stress at the proportional limit of the M-¢ curve) has been 
compared to the splitting tensile stress f ,and the ratio f If is 
sp p sp 
shown in Table 3.2. The average of those ratios varied from 0.98 for 
the weak specimen C6 to 0.82 for specimen C5. 
The effect of varying the length of the crack-element for beam test 
C6-2, reported in Table 3.2, is shown in Fig. '3.7; an unprescribed slope 
approach was used in the computations. As the length decreased, the 
stress immediately after cracking fd decreased and the range of strain 
for which the postcracking stress remains nearly constant increased by 
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a large amount. The stresses fd were also computed more accurately, 
using a prescribed slope at point A and a short range of the load-
deflection curve, and the differences between this stress and that shown 
in Fig. 3.7 computed with an unprescribed slope was not greater than 4 
percent. The variation of fd normalized to the stress for Wc of 6 in. 
with respect to Wc is shown in Fig. 3.8. For w equal to one-sixth the 
c 
original 6 in., the decrease in stress was 17 percent, so the stress 
drop is not particularly sensitive to the length of crack-element. 
3.4 STEEL PROPERTIES 
Steel coupons were cut from the end of the reinforcing bars used 
in specimen C8, and tested to obtain the stress-strain properties. 
The average yield stress was 51,000 psi, the average ultimate stress 
was 71,000 psi, and the work-hardening range began at an average strain 
of 0.0115. A typical stress-strain curve is shown in Fig. 3.9. 
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CHAPTER 4 
LOAD-DEFORMATION BEHAVIOR OF SECTIONS 
4.1 COMPUTATION OF BEHAVIOR 
The behavior of concrete cross sections subjected to external load 
can be computed by the application of techniques developed elsewhere such 
as in Ref. 10 (Pfrang, Siess, and Sozen, 1964). The response of a section 
can be expressed in a way meaningful to engineers by a seri€s of moment-
curvature (M-¢) curves, with each curve constructed for a constant thrust 
(T). Because of the nonlinear stress-strain relations for the materials, 
the M-¢ curves are most conveniently constructed by calculating a series 
of discrete values of moment and curvature for a given thrust rather than 
derive continuous functions for the relationships. 
A computer program was written that calculates moment-curvature 
curves for a specified axial load on the section by assuming a linear 
distribution of strain on the cross section and an arbitrary curvature 
(slope of the strain distribution); the stress distribution can then be 
obtained from the known stress-strain curves for the materials. The 
thrust on the section can be calculated from this stress distribution; 
since the strain distribution was assumed, the thrust may not be that 
desired for the particular curve being constructed; however, the neutral 
axis can be moved by translating the strain distribution while maintaining 
the same curvature and the thrust recalculated. The process is repeated 
until the desired thrust is obtained, and then the moment is calculated. 
One desired moment-thrust-curvature point is then known. The curvature 
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is changed and the process repeated until the specified thrust is again 
obtained. Once the moment-curvature relation throughout the desired 
range is found, the thrust is changed and the process repeated. The 
program allows any shape of stress-strain curve to be defined with a 
series of points with linear distribution of stress between them. 
Descending branches of the stress-strain curve and cut-off on the curve 
can be handled. In Fig. 4.2 a typical set of M-¢ curves resulting from 
these calculations are shown. 
From a set of M-¢ curves, several other diagrams relevant to the 
response of a section to external loads can be derived. A moment-thrust 
(M-T) failure envelope for a section, sometimes called an interaction 
diagram, is defined as the locus of points representing the moment and 
thrust at failure of the section. Failure can be defined in several ways, 
but from the moment-thrust curvature curves it is most meaningful to use 
the maximum attainable moment at a section for a specified value of thrust. 
For the failure envelopes that will be presented in Sections 4.2 and 4.3, 
the maximum moments were taken as those at the peak of the M-¢ curves, 
regardless of the concrete maximum compressive strain at which the peak 
occurs. This type of envelope will be called a IIpeakli moment-thrust 
envelope. For the purpose of this research the point of maximum moment 
on the envelope is called the balanced point. 
A statically determinate structure with monotonically increasing 
external load, where redistribution of moment from one section to another 
is not possible, will fail when the peak moment-thrust envelope is reached 
by the moment-thrust path for the critical section of that structure. 
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In other words, when the moment-thrust combination at a section in a 
statically determinate structure reaches the peak moment-thrust envelope, 
the load on the structure will also reach the peak of the load-deflection 
curve. 
When a structure is statically indeterminate, it has the ability to 
redistribute moment from highly stressed to less stressed sections; then 
the peak moment-thrust envelope represents a boundary for moment-thrust 
combinations at any section, and may not represent a failure condition 
for the structure. Points outside the envelope are not possible because, 
by definition, the envelope gives the maximum moments that can occur. 
Points inside or on the envelope may occur. Successive points on the 
envelope for the increasing external load are also possible, and this 
concept will receive special attention in Chapter 6. 
For indeterminate structures, other types of envelope are also useful 
for later interpretation of the model liner behavior. One type is the 
locus of points representing a moment at an arbitrary position on each 
M-¢ curve and the thrust for that curve. The position on the M-¢ curve 
that will be used is taken at a position to the right of the peak, after 
an arbitrary drop in moment has taken place, or in a post-peak region 
where the M-¢ curve becomes flat. This type of envelope will be called 
a II res idual" moment-thrust envelope. Typical examples of various types 
of envelopes are given in Fig. 4.4 and will be discussed in Section 4.2. 
Associated with the concept of moment-thrust envelopes is the thrust-
curvature (T-¢) diagrams that are the curvatures corresponding to each 
moment-thrust value on the envelope, plotted against the thrust. These 
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diagrams are useful· in v1sualizing the deformabi1ity of the ·sectiohs, 
or the amount of deformation of the section up to the failure condition. 
4.2 SECTION RESPONSE FOR MODEL LINER SPECIMENS 
4.2.1 FAILURE ENVELOPES 
An estimate of the moment-thrust failure envelope based on the peak 
moments from a set of thrust-moment~curvature (T-M-¢) curves was computed 
for each test specimen using the procedure described in Section 4.1. The 
following stress-strain properties were used to compute the T-M-¢ curves. 
The compression stress-strain curves in Fig. 3.1 were modified, so that 
the peak stress matched the standard f' given in Table 2.1 and the stress 
c 
along the curve was adjusted in the same proportion. The modulus of 
elasticity in tension was adjusted to match that in compression keeping 
the same cracking stress, and the rest of the flexural tension curves of 
Fig. 3.6 were used without modification. The computed moment-thrust 
envelopes are shown in Fig. 4.1. For Specimen C8 two envelopes are 
presented; one includes the effect of confinement of the concrete under 
the load-spreading beams, and the other does not include confinement. 
The compressive stress-strain curve for confined concrete used in the 
computation of the envelope is shown in Fig. 3.1. 
4.2.2 LOW STRENGTH FIBER-REINFORCED SPECIMENS 
J Specimens C3 and C6 were cast with similar concrete mixes and the 
hardened concrete had similar properties, so the section response for 
specimen C3 can be considered representative of that for C6. The behavior 
.J 
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was computed for a section 36 in. wide and 6 in. deep. The compressive 
stress-strain properties used to compute the section response were those 
discussed in Section 4.2.1, but different tensile stress-strain curves 
were used as explained below. 
Two sets of M-¢ curves for specimen C3, corresponding to different 
tensile stress-strain curves are shown in Fig. 4.2. The tensile curves 
were obtained for length Wc of the IIcrack-elementll of 6 in. as discussed 
in Section 3.3.4. Curves A were computed using the tensile stress-strain 
curve shown in Fig. 3.6, and is considered to be the most representative 
of the behavior of the material. Curves B were computed assuming no 
tensile strength in the concrete; this can be considered a lower bound for 
the moment capacity of the section, and comparison of the curves demon-
strates the influence of the steel fiber on the section moment resistance. 
Curves A exhibit a rather sharp moment peak for low values of axial 
thrust, after which the moment decreases sharply before reaching a nearly 
constant moment region for a large range of curvature. At a very large 
curvature, beyond the range of the graph, the curves reach a descending 
region. As the thrust increases, the difference in moment between the 
peak and the residual moment decreases until this difference disappears 
near the thrust corresponding to the maximum attainable moment, i.e., 
the balanced point of the M-T envelope. For thrust values near or above 
the balanced point, the moment increases, reac~es a peak, and decreases 
continually without passing through a residual moment region; the larger 
the thrust, the larger the rate of moment decay with respect to the 
curvature. 
I 
r 
'* 
[ 
l 
I 
r 
L 
-.. 
i 
\ 
j 
J 
1 
I 
J 
I 
I 
1 
f 
a 
I 
I 
·1 :~ 
J 
39 
Curves B increase smoothly from the origin, and reach a peak moment 
smaller than the corresponding curve in set A with the same thrust. The 
larger the thrust, the smaller is the difference in the peak moments for 
the two sets of curves. For values of curvature beyond the peak, the 
moment remains constant for a long range of curvatures; i.e., the M-¢ 
curves are characterized by a long flat range near the peak. 
At large curvatures near the right side of the graph, the corresponding 
curves in sets A and B become asymptotic. This indicates that the added 
moment capacity provided by the fibers in tension is eventually lost at 
large deformations. 
Two different sets of M-¢ curves for specimen C3, obtained for a 
length w of the crack-element of 6 in., are compared in Fig. 4.3. Curves 
c 
A are the sa~e as the set A in Fig. 3.1, with the same tensile stress-
strain curve. Curves C were computed as an upper bound on the ability 
of the fiber tc resist stress across the crack; the stress-strain curve· 
in tension :r~:. 3.1) after the stress drop due to cracking was assumed 
to have a ccr'~~r~ s~ress level that extended to infinity and equal to 
the stress d':·r :rdcking exhibited by the original curve. However, for 
differe~: ~.: ~r : ;~es or fiber content, the cracking and post-cracking 
stress le'f>~~::, ... ·~~ t,e raised or lowered proportionally; this possibility 
will be ln~e;: ~c:c:! later. 
Curves ( .~~~ d different shape than curves A in Fig. 4.3. The sharp 
peak followec ty d residual plateau have disappeared. The shape of curves 
C is similar to that of curves B in Fig. 4.2 and are characterized by a 
flat region near the peak moment region, but the value of maximum moment 
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is higher than the peak of curves A or B. This comparison indicates that 
a longer flat region near the peak can be maintained and greater peak 
moment can be achieved if the constant tension stress after cracking can 
be maintained. 
In Fig. 4.4(a) the peak moment envelopes A, B, and C corresponding 
to the M-¢ curves in Figs. 4.2 and 4.3 designated by the same letters are 
shown. As expected, zero tension resistance decreases the moment capacity 
while a nearly elasto-plastic tensile stress-strain curve increases the 
moment capacity; the former condition is more pronounced than the latter, 
perhaps as a consequence of the fact that it is a more drastic modification 
of the tensile properties. The variation in moment capacity occurs at low 
thrusts, and as the thrust increases, the range of moment between the 
maximum and minimum gradually narrows. Except for thrust well below the 
balance point, the range of variation of moment capacity is not large. 
For a thrust level about midway between zero and the balance point, the 
width of the band is about 25 percent of the average value. 
Peak moment-thrust envelopes Band C represent lower and upper bounds 
of strength provided by the post-cracking range of the tensile stress-
strain curve. In the event that the available information on the tensile 
stress-strain curve were not adequate, a designer could use an envelope 
somewhere between envelopes Band C to estimate the capacity of a section. 
Comparing envelopes A and B, it is evident that the increase in 
moment provided by the fiber is substantial only at low thrusts, and 
decreases as the thrust approaches the balance point. For a thrust of 
one-half that at the balance point, the fiber increases the moment by 
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17 percent, and at the balance point the increase is 7 percent. However, 
the moment capacity shown by envelope A cannot be maintained if the 
section is expected to sustain large deformations. If the section 
continues to deform beyond the condition at which the envelope is reached, 
the resisting moment will gradually decrease and will approach the value 
given by envelope B. How gradual this increase will be depends on the 
flatness of the M-¢ curve near the maximum moment region. In other words, 
the usable moment capacity for large deformations is given by the residual 
moments in the ~1-¢ curves, the locus of which constitutes a "residual ll 
enveiope. For this particular case the residual envelope for fiber-
reinforced concrete is closely approximated by the zero-tension envelope. 
In Fig. 4.4(a) two additional types of envelope are also shown; Al 
and A2 were computed using the same tensile curves as envelope A, but Al 
is based on the moment at which the section reached the cracking strain 
of 0.000193, while A2 is based on the moment reached at a tensile strain 
of 0.00270. The latter strain 
occurs when the maximum moment is reached for zero thrust, and represents 
an approximate lower bound for the state of internal forces at which 
cracking might be visible; in the tests of long beams the crack became 
visible after the peak of the load-deflection curve had been reached 
(Section 3.3.4). These two envelopes are not peak moment-thrust envelopes, 
as these strains are reached before the maximum moment is reached. 
Another study was conducted to determine how the peak moment-thrust 
envelope changed as the compressive and tensile stress-strain curves 
varied. The compressive and tensile curves corresponding to M-¢ curves A 
42 
were used as the bases for comparison. A set of envelopes was computed 
keeping the tensile properties constant while the compression stress at 
a given strain was changed to ~15 percent of the original value. A 
second set of envelopes was computed in which the compression stress-
strain curve was kept constant while the tension stress at a given strain 
was varied ~30 percent. The stress-strain curves used in the study are 
shown in Fig. 4.5, and the resulting peak moment envelopes in Fig. 4.6. 
The envelope for zero tension stress previously computed is also included 
in Fig. 4.6. 
It is clear from Fig. 4.6 that the compression stress-strain curve 
influences the failure envelope more than the tension curve. Also, the 
compression stress-strain curve shows a large influence on the compression 
failure region, but the influence extends well into the tension failure 
region also. The tension stress-strain curve influences the part below 
the balance point of the envelope most, but its influence extends into 
the compression failure region somewhat above the balance point as well. 
The tensile stress-strain curves vary as the length of the crack-
element w varies; this indirect effect of w on the behavior of a section 
c c 
was investigated. The M-¢ curves 0 in Fig. 4.7 are based on a tensile 
stress-strain curve computed for an assumed w of 3 in., or one-half the 
section depth; the set of curves A for the standard tensile properties, 
and Wc for 6 in. are also shown. The decrease in Wc did not change 
substantially the general shape of the curves; for thrusts smaller than 
that at the balance point, the shape retains a peak moment followed by 
a sharp decrease and ending in a residual plateau where the moment is 
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nearly constant. The strain at which the peak moment is reached increases 
for curves 0, and this area is fl atter than in curves A. 
In Fig. 4.4(b) the peak moment envelopes A and D corresponding to 
the M-¢ curves A and 0 in Fig. 4.7 show a small influence as w is varied 
c 
from 6 to 3 in. The moment for zero thrust is the same for the two 
envelopes because the stress-strain curves used to compute them were 
derived from the same load-deflection curve, and both stress-strain curves 
give the same maximum moment. 
The difference in moment capacity for the two envelopes is no larger 
than 7 percent, and as the thrust increases beyond the balance point the 
difference in the two curves also disappears. This difference in the 
envelopes reflects the different tensile stress-strain curves shown in 
Fig. 3.7, used in its computation. 
4.2.3 HIGH STRENGTH FIBER-REINFORCED SPECIMENS 
Since specimens C4 and C5 had similar concrete properties, the section 
response study for C4 can be considered representative of that for C5. 
The compressive stress-strain curve for specimen C4 shown in Fig. 3.6 and 
calculated for c length of the crack-element w 6 in. was used as discussed 
c 
in Section A set of M-¢ curves for specimen C4 in Fig. 4.8 using 
the propertles described above show that the main qualitative characteris-
tics are sir.11ar to those discussed for curves A described in Section 4.2.1. 
The moment decay after the peak for low thrusts is more pronounced as a 
consequence of the post-cracking characteristics of the tensile stress-
strain curve, where the decay with respect to strain is larger than for 
44 
the low strength specimens. The qualitative conclusions from the 
parametric studies in Section 4.2.2 on the effect of variation of 
material properties on the section response are also valid for the 
specimens examined in this section. 
The thrust-curvature (T-¢) curves in Fig. 4.9(b) help to visualize 
the flatness of the peak of the M-¢ curves. The peak moment-thrust 
envelope in Fig. 4.9(a) is based on the peaks of the curves in Fig. 4.8 
and was shown in Fig. 4.1. The inner curve in the T-¢ diagram is the 
curvature at which moment was maximum and the outer one is the curvature 
when the moment had dropped 10 percent beyond the peak. Thus, the 
separation of the curves is a measure of the flatness of the M-¢ curves. 
The difference between the curvature at ultimate and yield .in a set of 
T-¢ curves for conventionally reinforced members provides similar visuali-
zation of the flatness of their corresponding M-¢ curves. One difference 
between fiber-reinforced and conventionally reinforced concrete is the 
lack of flatness of the M-¢ curves at low thrusts for the former case, 
observed in Fig. 4.9(b), as opposed to the latter case, where the 
difference between the outer and inner curves continues to increase 
as the thrust decreases. 
4.2.4 UNREINFORCED-CONCRETE SPECIMEN 
Specimen C7 was cast with unreinforced concrete. The compressive 
stress-strain curve for the concrete is shown in Fig. 3.1, and the tensile 
stress-strain curve is assumed to be linear up to the cracking stress and 
to have no strength after cracking. The value of cracking stress was 
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taken equal to the modulus of rupture. Since it is assumed that the 
tensile stress in unreinforced concrete exists only when uncracked, the 
width of a crack-element surrounding the crack does not enter into the 
computation of the tensile stress-strain curve, and the computed tensile 
properties are independent of crack formation. Whatever the assumption 
made, the tensile properties of plain concrete will playa minor role in 
the section response, as explained below. 
In Fig. 4.10, the M-¢ curves for the specimen section are presented. 
When compared to the M-¢ curves A discussed in Section 4.2.2, the curves 
have two similarities. At small thrusts, both sets of curves exhibit 
an early peak and a residual region, but the transition between those 
regions is different. In Fig. 4.10, the peak moment, also the cracking, 
moment, is approached linearly, but for small increments of curvature 
beyond that point the moment is reduced drastically and the M-¢ curves 
reach a long flat plateau or residual region. This residual moment is 
the same .as that obtained from the peak moment of a set of M-¢ curves 
for zero tension stress. 
In Fig. 4.11, two envelopes obtained from the curves of Fig. 4.10 
are presented. The sol id line Ilbcdef" represents the peak moment-thrust 
envelope for all thrust values; the curve from point IIb ll to point IIC II is 
also the cracking envelope, or envelope defining the moments at which 
the section first cracks. For thrusts larger than that at point IIC II , 
the cracking envelope is given by the curve IIC II to lIe ll ; the additional 
resisting moment after cracking has occurred is solely the effect of the 
axial thrust. As the thrust increases from zero, the difference between 
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the peak and the residual curves decreases until at point c they have 
the same value. For thrusts above that at point "c" the residual moments 
disappear, and the peak moment is reached after cracking; this can be 
seen more clearly in Fig. 4.10. 
The moment resistance provided by the tensile strength of the 
concrete is represented by the triangle "abc" in Fig. 4.11. The tensile 
strength for unreinforced concrete is unreliable and the additional 
moment capacity is lost as soon as the concrete cracks. This is the 
reason that unreinforced concrete is usually treated as a zero tension 
material in design, in which case the peak moment-thrust envelope is 
given by the curve "acdef" in Fig. 4.11. 
The maximum tension and compression strains for the moments 
corresponding to the envelopes are shown in Fig. 4.11. The compressive 
strains at points on the peak moment-thrust envelope "acdefll for a 
material without tension resistance are of a nearly constant value of 
0.0044, up to a thrust of about 700 kips. The peak of the stress-strain 
curve occurs at a strain of 0.0035. 
4.2.5 CONVENTIONALLY REINFORCED CONCRETE SPECIMEN 
Specimen (8 was reinforced with deformed bars. The moment-thrust-
curvature of sections in regions of the specimen with unconfined and 
confined concrete will be considered; the compressive stress-strain curve 
for both cases are discussed in Section 3.2.1. The tensile stress-strain 
curve was based on the same assumptions made for specimen C7 in the 
preceding section. The stress-strain properties for the reinforcing 
bars are shown in Fig. 3.9. Details of reinforcement are given in 
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Appendix A. 
The slope of the descending branch of the compressive stress-strain 
curve for unconfined conditions used in this section and obtained from 
cylinder tests (Fig. 3.1) was found with a strain rate faster than the 
rate for the liner model during the test. This rate was roughly estimated 
from the strain measurements near the inflection points and the time 
elapsed during the application of one load increment. This slower rate 
of strain for the liner models may influence the post-peak shape of the 
actual M-¢ curves at the critical sections 'in the specimen and that may 
have some influence on the behavior of the model near failure. In Chapter 
7, where a computer analysis of the test specimens is discussed, various 
slopes of the descending branch of the compressive stress-strain curve 
wi 11 be explored. 
In Fig. 4.12, a set of estimated M-¢ curves for a typical section 
with unconfined concrete conditions, and including strain hardening 
effects in the steel, are shown. In Fig. 4.13(a) the estimated peak 
moment-thrust envelopes for confined and unconfined conditions are 
presented, and in Fig. 4.13(b), the thrust-curvature envelopes for both 
conditions are given. The general behavior of sections of conventionally 
reinforced concrete have been reported in Ref. 10 and Ref. 11 (Ghosh and 
Cohn, 1972), and in discussing Figs. 4.12 and 4.13 reference is made only 
to those characteristics of interest for this research. 
For lightly reinforced sections such as that used for specimen C8 
(0.44 percent steel in each face), there is a decrease in moment at low 
thrust when the section cracks (Fig. 4.12). The moment then rises again 
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to a second peak; this effect disappears as the thrust increases. 
Computation of the M-¢ curves were also made for a steel stress-strain 
curve that did not include the strain hardening effect (elastoplastic 
curve). These computations showed that strain hardening of the steel 
increases the maximum moments at low thrusts. In Fig. 4.12, the beginning 
of the strain-hardening range for the tension steel is shown on the M-¢ 
curve. It is evident that when the thrust is low the M-¢ curves have 
a kink when strain-hardening begins and the peak moment is .increased. 
As the thrusts increase, the effect of the strain-hardening decreases. 
When the thrust approaches the value corresponding to maximum moment, 
i.e., the balance point, the peak moment occurs at a curvature smaller 
than that corresponding to the start of strain-hardening. 
The maximum compressive strain in the concrete and the maximum 
strain in the tension steel at the peak of the M-¢ curves are shown for 
representative points on the peak moment-thrust envelopes in Fig. 4.13(a). 
The concrete strains (for thrusts below the balance point) vary from 
0.0078 to 0.0047 or 2.4 to 1.4 times the strain at the peak of the 
compressive stress-strain curve (0.00325); the larger strain occurred 
at low thrusts. These maximum concrete strains would be 0.003 for a set 
of M-¢ curves based on the ACI code provisions, or 1.5 times the strain 
at the peak (0.002) of a stress-strain curve traditionally used in these 
computations. 
The main difference between the M-¢ curves of conventionally 
reinforced sections and fiber-reinforced or unreinforced sections is the 
considerably longer plateau near the peak of the conventionally-reinforced 
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curves below the balance point. An indication of the flatness of the 
M-¢ curves in Fig. 4.12 is given by the difference between the curvature 
at yielding of the tension reinforcement (approximately at the beginning 
of the flat region) and the curvature at maximum moments. This is shown 
on the thrust-curvature curves in Fig. 4.13(b). 
The estimated peak moment-thrust envelope for concrete under confined 
cond i ti ons presented in Fi g. 4. 13 (a) (from Fi g. 4.1) represents the condi-
tions existing under the load-spreading beams. The envelope calculated 
from the confined concrete stress-strain curve shows a significant 
increase in moment capacity at all thrust levels, but the influence is 
most noticeable in the compression failure region. This is a consequence 
of the large strength and ductility exhibited by the compressive stress-
strain curve as a result of the confinement. The concrete is able to 
attain large strains without significant loss of strength, mobilizing the 
additional strength of the steel in the strain-hardening range. This is 
evident from the large steel strains reached at the peak of the M-¢ 
curves shown in Fig. 4.13(a). 
The peak moment-thrust envelope for confined concrete in Fig. 4.13(a) 
shows an increase in moment capacity at zero thrust, as opposed to the 
behavior of sections without bars shown in Fig. 4.6(b) where an increase 
in the fl of the concrete did not increase the moment for zero thrust. 
c 
This result is possible because the larger strains that the concrete can 
resist before failure allows the tensile steel to deform further into 
the strain-hardening range before the peak of the M-¢ curve is reached, 
thus increasing the moment capacity of the section. The flatness of the 
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M-¢ curves, or the ability of the section to resist large curvature 
without loss in moment also increases considerably as a result of the 
confinement of the concrete, as can be observed in Fig. 4.13(b) by the 
difference between the curvature at yielding and at ultimate. 
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CHAPTER 5 
TEST RESULTS 
5.1 OBSERVED PHYSICAL BEHAVIOR 
5. 1 . 1 I NTRODUCTI ON 
In this section the observed behavior and specimen damage for each 
test will be described. The specimen damage is described on a drawing 
where the cracking pattern is shown and at each section with major damage 
a descriptive note is given. The note is followed by the average active 
load P, at which the damage was first detected, though it may have started 
at a lower load in some cases. The increment that corresponds to the load 
will also be given, so the load at which the damage was detected can be 
correlated w;t~ occurrences on the graphs that follow. The description of 
damage on the drawing corresponds to the damage after completion of the 
test. Crac~ o:'er;ings are described with words such as livery widell, "wide ll , 
"medium", . ~"';r' and "hair1ine ll . In general a very wide crack was 1/4 in. 
or more. :. 1lII~~:f' cra:k was between 1/8 and 1/4 in., a medium crack was 
betweer. ~ .:~ .. -':: ir;., a thin crack was between 1/64 and 1/32 in., and 
a hair11nf Crd:k ~es5 than 1/64 in. The position of the section where 
damage o:(~rrp~ ~ .• , be described by a central angle measured clockwise 
from the r,:';~t-. ·"'1:' angle is only approximate because in general a crack 
did not run pard~lel to the longitudinal axis of the specimen. This 
procedure for designating locations on the specimens will apply to all 
figures and tables that follow. 
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Progressive cracking and crushing occurred at various points on the 
specimen in all tests. In general, the cracks initially developed over 
a part of the specimen height, especially for the fiber-reinforced 
specimens; during the next one or two increments after a crack started, 
it developed continuously over the full height. Crack formation is 
reported on the drawings when it had developed continuously over the 
height. In all tests, tension cracking occurred first, followed by 
crushing on the compression side at the more highly stressed sections. 
Spalling of large chunks of concrete also occurred near failure for the 
most critical sections. All cracks started perpendicular to the section 
axis, but in some tests they bent over, presumably following a principal. 
stress direction as the shear stress increased. The mechanism of failure 
at the critical section involved a segment of specimen at least 6 in. 
long, and varied among the tests. 
5.1.2 SPECIMENS C3 AND C6 
These two specimens were cast with steel-fiber-reinforced concrete, 
were tested with similar passive force stiffness (100 kips/in.) and had 
about the same concrete strengths. The damage for each specimen in terms 
of position, configuration and sequence of occurrence is shown on the 
specimen drawings in Figs. 5.1 and 5.4 and by photographs in Figs. 5.2 
and 5.5. In Table 5.1 the damage sequence is tabulated for each specimen 
with increasing load. 
The following comments can be made in regard to the observed damage: 
(a) At each of the areas of large bending moment there was only one 
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tension crack of importance. Additional hairline cracks that were 
discontinuous along the height of the specimen may have appeared at the 
initiation of cracking in certain area, but opening did not continue 
during the test. No diagonal cracking was observed during the test. 
(b) In both specimens damage occurred first in the areas subjected 
to positive bending moment (tension inside). Cracking began at a load 
level of roughly 15 percent of the failure load, at or close to the N 
and S load-spreading beams where the moment was large. These cracks in 
general remained narrow during the test. Crushing appeared opposite the 
cracks at a load level of roughly 85 percent of the failure load. 
(c) The regions north and south of the E and W load-spreading beams 
were subjected to negative bending moment (tension outside) during most 
of the test. At the more highly stressed sections in those areas (between 
the load-spreading beams) tension cracking occurred first, and was followed 
by crushing opposite the crack at a few kips higher load. One exception 
occurred in specimen C3 at 230 deg where crushing appeared first and was 
followed by cracking. Crushing in the areas of large negative moment 
appeared at load levels roughly 84 percent of the failure load for specimens 
C3, and 88 percent of the failure load for C6. 
(d) Specimen C3 failed in an area just to the east of the S load-
spreading beam, and specimen C6 failed in an area around the 230 deg 
section. The mechanism of failure was similar for the two tests. Damage 
started on the outside with flexural cracks that did not widen appreciably 
during the test, and crushing appeared opposite them. Failure occurred on 
a diagonal slide surface in a sudden way, as shown in Fig. 5.1 and 5.4 and 
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in the photographs in Figs. 5.3 and 5.6. In test C3, tension cracking 
at the failure section appeared at only 16 percent of the failure load 
and crushing was detected at about 89 percent of the failure load. On 
the other hand, in test C6 cracking and crushing at the failure section 
were detected at essentially the same load level at about 94 percent of 
the failure load. 
In the seconds that preceded failure of specimen C3, a progressive 
bulging of the concrete in the crushed area at the edge of·the S load 
spread beam, could be observed. 
(e) During the test of specimen C6, the approximately symmetrical 
sections at 140 and 230 (failure section) deg experienced the same 
general damage at about the same load levels. When the section at 230 
deg failed, the section at 140 deg was also the verge of failure. The 
section at 176 deg in specimen C6, which was in the failure region for 
specimen C3, also experienced extensive damage. 
5.1.3 SPECIMENS C~ A~S (5 
These two s~pCl~ens were cast with steel-fiber-reinforced concrete, 
were tested Wl:~ :!~'1dr passive force stiffnesses (250 kips/in.) and 
the concrete stren:~~~ were only 13 percent different. The position and 
configuration of :~p jdr.age, the sequence of occurrence, and photographs 
of the damage are sn0wn in Figs. 5.7 and 5.8 for specimen C4 and 5.10 
and 5.11 for specimen C5. Also, in Table 5.2 the progress of damage 
with increasing load has been tabulated for each specimen. 
The following comments can be made in regard to the observed damage: 
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(a) At each of the areas of large bending moment, there was only 
one crack, with the exception of the 250 deg section in specimen C4 where 
two cracks occurred. Additional hairline cracks may have occurred at the 
initiation of cracking in certain areas, but opening did not continue 
during the rest of the test. At high loads most of the major cracks bent 
over and continued to propagate diagonally in both tests. 
(b) As in tests C3 and C6, damage in tests C4 and C5 occurred first 
in the areas of largest .positive moment. Cracking began at loads from 9 
to 13 percent of the failure load, at or near the Nand S load-spreading 
beams. These cracks widened considerably (more than 1/4 in. for the crack 
at N) and their trajectories along the height of the specimen were quite 
irregular, as for example the cracks shown in Fig. 5.8. Crushing opposite 
those cracks began in specimen C4 at 65 percent of the failure load. The 
load level at which crushing occurred opposite the cracks in specimen C5 
was not recorded because it occurred under the load-spreading beams and 
was not detected until after they were removed. 
(c) As in tests C3 and C6, the regions north and south of the E and 
Wload-spreading beams of specimens C4 and C5 were subjected to negative 
moment, and cracking in these areas occurred on the outside between the 
load-spreading beams and was followed by crushing opposite them. Cracking 
started in these regions at load levels ranging from 13 to 20 percent of 
the failure load in specimen C4 and from 16 to 20 percent in specimen C5; 
crushing followed at load levels of 82 and 87 percent of the failure load 
for specimens C4 and C5, respectively. 
(d) Failure occurred in both specimens in an area just to the north 
of the W load-spreading beam, nominally at 285 deg. Specimen C5 failed 
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at a load slightly less than the maximum load that had been reached in 
the previous load increment. Numerical values can be seen in Table 5.3 
(e) The mechanism of failure was similar for the two tests. Damage 
began by cracking on the outside at about 20 percent of the load at failure. 
These cracks opened more than 3/8 in. and crushing appeared opposite them 
at 82 and 57 percent of the load at failure for specimen C4 and C5, 
respectively. The cracks continued to propagate diagonally at from 35 
to 40 percent of the failure load. The final stages of failure differed 
slightly. At 90 percent of the failure load a sudden crushing, spalling 
and shortening of the compression zone was observed in specimen C4. As 
a result of this, a considerable part of the original crack came suddenly in 
contact and bearing developed across it. At higher load the thrust 
across the crack caused crushing near the outside at the edge of the beam, 
and the region then failed by spalling a wedge-shaped piece of concrete 
off the outside surface, as shown in Fig. 5.8 and in the photographs in 
Fig. 5.9. On the other hand, in specimen C5 the flexural crack started 
to close gradually as the compression zone crushed at 76 percent of the 
load at failure. Bearing gradually developed across the original crack 
and finally the section failed by spalling a wedge-shaped piece of 
concrete off the outside at a small angle to the specimen axis, as shown 
in Fig. 5.10 and the photographs in Fig. 5.12. 
(f) The section at 80 deg in specimen C5 is approximately 
symmetrical to the failure section. This section experienced the same 
general damage as the failure section at about the same loads. Cracking 
started on the outside, crushing developed opposite the crack, and at 
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80 percent of the failure load crushing and shortening of the compression 
zone was observed. This behavior was quite similar to the failure section 
of specimen C4, and during the testing of C5 it appeared that the section 
at 80 deg might fail, but this did not occur and final failure took place 
north of the W beam. 
5.1.4 SPECIMEN C7 
This specimen was cast without deformed bars or steel-fiber 
reinforcement, and was tested with a passive force stiffness similar to 
that used for C4 and C5 (250 kips/in.). Damage to the specimen in terms 
of position, configuration and sequence of occurrence is shown on the 
drawing of the specimen in Fig. 5.13 and by photographs in Fig. 5.14. 
In Table 5.3 the damage is tabulated with increasing load. Irregularities 
in the functioning of the x-y recorders used to control the stiffness of 
the passive forces were found during the first few increments of the test; 
I the situation was corrected and the test resumed. A slow leak in the hydraulic loading equipment became worse about midway in the test, and 
continuous operation of the pumps was necessary to maintain load while 
measurements were made. Thus the test was accelerated by not making some 
measurements and by reducing the delay before readings were taken. 
The following comments can be made in regard to the observed damage: 
(a) As in all the preceding tests, first cracking occurred on the 
inside surface at Nand S, where the positive bending moment was largest, 
at 8 percent of the failure load. Only one crack developed at each 
location and widened considerably with increasing load as shown in Fig. 
5.16, where the opening of several cracks has been plotted. Crushing did 
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not occur opposite these cracks, however. 
(b) Tensile cracks occurred on the outside surface at several 
locations with negative moment. Details are given in Fig. 5.13 and in 
Table 5.3. A crack at the 75 deg section was detected at 24 percent of 
the failure load. At the time this crack was detected it had already 
propagated to an inclined configuration as see in Fig. 5.15; it became 
the largest near the end of the test and eventually precipitated failure 
of the specimen. At the 285 deg section, a similar crack began to open 
37 percent of the maximum load but did not open as much. ~he configura-
tion of the cracks in the vertical direction was less irregular than for 
the specimens cast with steel-fiber reinforcement. 
(c) Failure occurred in a region just to the north of the E load-
spreading beam. While applying load increment 21 (essentially the last 
load increment), crushing occurred on the inside surface opposi:te the 
corresponding tension cracks at sections 75 and 285 deg. Loading was 
stopped and additional crushing at the 280 deg section occurred while 
preparing to take instrumentation readings. Readings were taken, and 
while preparing to resume the application of load a diagonal crack formed. 
The crack began in the crushed zone and terminated at the edge of the 
load-spreading beam, as shown in Fig. 5.13 and the photographs in Fig. 
5.15. Movement occurred suddenly along the diagonal surface; the tensile 
crack closed and the load fell off. This mechanism of failure was similar 
to that of specimens C4 and C5 with the exception that in specimen C7 
failure occurred as soon as the crack closed. 
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5.1.5 SPECIMEN C8 
This specimen was reinforced with deformed bars and tested with a 
passive force stiffness similar to that used for specimens C4, C5 and C7 
(250 kips/in.). The position, configuration and sequence of occcurrence 
of the damage are shown in Fig. 5.17 and the photograph in Fig. 5.18. In 
Table 5.3 the progress of the damage with increasing load is tabulated. 
As the load increased during testing, a well distributed crack 
pattern developed in all high moment regions with a spacing of 6 to 8 in. 
After the early stages of loading one or two cracks in each region began 
to take most of the deformation and opened wider than the others. The 
wider cracks did not develop a diagonal configuration, but some secondary 
cracks did, as can be seen in Fig. 5.17. 
The following comments can be made in regard to the observed damage: 
(a) As before, first cracking was detected on the inside surface at 
Nand S where the positive moment was largest at a load of 9 percent of 
the maximum. The cracks were well distributed horizontally, but one 
crack at N and two at S widened more than the others as shown in Fig. 
5.20 where the opening of several cracks are plotted against load. 
Crushing at the east edge of the N load-spreading beam, opposite the 
major tensile crack, was detected at 92 percent of the maximum load. 
Incipient crushing was discovered on the outside surface at the S~ section 
upon removal of the load-spreading beam after the test. 
(b) Several cracks in the areas of negative moment were detected on 
the outside surface at 19 percent of the maximum load. The cracks were 
well distributed horizontally, but those at 75 and 285 (failure section) 
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deg widened considerably more than the others. Crushing opposite 
these two major cracks formed at 92 percent of the maximum load. 
(c) The maximum load was reached at the next to last load increment 
(see Table 5.3). At this increment the section at 75 deg had experienced 
extensive damage similar to the failure section, and appeared to be on 
the verge of failure. As the test continued, pumping of fluid in the 
rams could not increase the load level, and eventually the load dropped 
off slightly while the specimen continued to deform. 
(d) Failure occurred around the 285-deg section. Damage started 
with a flexural crack on the outside surface that formed at 19 percent 
of the maximum load; crushing and spalling of concrete occurred on the 
inside opposite the crack at 92 percent of the ultimate load and the 
inside reinforcing bars were exposed, but the active load continued to 
increase slowly. Finally the inside (compression) bars buckled, causing 
a transfer of load to the concrete near the center of the section which 
in turn crushed, allowing the section in the region of failure to shorten. 
The outside bars that were formerly in tension were then forced into 
compression by the shortening so that they buckled outward and projected 
the concrete cover outward. The events starting with buckling of the 
inside compression bars occurred very rapidly. A photograph of the 
failure region is shown in Fig. 5.19. 
5.2 LOAD-DEFORMATION BEHAVIOR 
The average active load P imposed on the specimens resulted in 
development of passive forces PA, PB and Pc shown in Fig. 2.2(a). 
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These passive forces were adjusted during the test to follow a liner 
load-deflection relation; the resulting passive load-deflection curves 
that actually occurred in the tests are presented in Figs. 5.21 through 
5.26 where they are compared with the intended ones. In general both 
curves compare well, although near the end of the test the actual curves 
tended to depart from linearity. In Table 5.4 the average measured 
slopes Ks of the load-deflection relation of the passive forces are 
given. 
The relation between average active load, P, and the diameter change 
for all specimens is shown in Fig. 5.27 through 5.32, and a summary of the 
main test parameters is given in Table 5.4. The presentation of deforma-
tion in terms of diameter change rather than absolute displacement elimi-
nates the rigid body motion observed during the tests. The N-S and E-W 
diameter changes are representative of the deformation in the active and 
passive load directions, respectively. In all tests, the N-S diameter 
change was larger than that in the E-W direction. This difference 
results primarily from the effect of the change in circumference due to 
axial deformation of the liner. 
The N-S diameter change curves for the low strength specimens, C3 
and C6, are smooth and nonlinear with the deformation increasing faster 
than a linear relationship. Small changes in slope at relatively low 
loads may be associated with initial cracking in the specimens at the 
inside surface of Nand/or S, as noted on the curves of Figs. 5.27 and 
5.28. The E-W diameter change curves are almost linear throughout 
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the test. The drop in active load at increment 22 for specimen C3 (Fig. 
5.27) is associated with irregularities in the operation of the hydraulic 
rams. During the last load increment the curve representing the N-S 
diameter change flattened appreciably. 
The load-diameter change curves of the higher strength specimens C4 
and C5 are rather smooth and nonlinear in both the N-S and E-W directions 
with the same general shape as the curves for the N-S diameter change for 
the weak concrete specimens. First cracking on the inside surface at N 
and/or 5 at low loads is associated with a more sudden change in shape 
than in the low strength specimens, as can be noted in Figs. 5.29 and 
5.30. Heavy crushing at critical sections is associated with small changes 
in slope but with a smoother transition than occurred at first cracking. 
During the application of load increment 21 for specimen C4, sudden 
crushing of the compression side opposite a flexure crack, followed by 
closing of the tension crack was observed but did not produce an irregu-
larity in the curve because instrument readings were taken only before 
and after the event. During the testing of C5 this phenomenon was 
observed more carefully. It occurred during application of load increment 
24, and instrument readings were taken just after crushing occurred and 
indicated an abrupt drop in average active load P and an increase in 
defOi'~ma t ion, as shown in c.;,... t:: ')() II~ • .J • .JU. As in 
the curves flattened considerably at high load levels, especially at the 
load increment preceding failure. 
The N-S and E-W diameter-change curves for the unreinforced specimen 
C7 are more linear, in particular in the E-W direction, than in specimens 
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C4 and C5, tested with similar passive force stiffness. The erratic 
load-deformation response observed in Fig. 5.31 at the early and inter-
mediate stages of load may be attributed to irregularities in the 
functioning of the equipment described in Section 5.1.4. Also, flattening 
of the curves during the last load increment, as observed in the fiber-
reinforced specimen tests, did not occur in this test. 
Both load-diameter change curves for the conventionally reinforced 
specimen C8 have the same general shape as the fiber-reinforced specimens. 
Those curves, shown in Fig. 5.32, are nonlinear, smooth and softening as 
the specimen deformed. First cracking did not cause a change in slope 
as it did in specimens C4 and C5, tested with similar passive stiffness. 
A slight change in slope can be detected at about load increment 10, 
especially in the N-S direction; this probably resulted from yielding of 
the tensile relnforcement. Another change in slope can be noted in both 
curves at lOdd lncrements 14 and 15, caused by heavy crushing at critical 
sections. :~f rd~'rnum average active load P was reached at load increment 
17. Subse~~pr: ;J~ping did not increase the applied load, but stable 
equilibrlu~ ~;. d:~leved at a load less than the maximum at increment 19, 
before f~, ;~rf ;' ~~e specimen. 
Alth~_~· ~ r~:I:eable flattening of the load-deflection curves 
occurred nt~r f J i~re in almost all tests, no large and stable deformations 
warned of ar ~-r'r€~: failure and the curves do not present the shape 
traditionally regarded as ductile. 
Relative rotations between the ends of segments at the cardinal points 
were measured in all tests. The segments were centered at the radial line 
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passing through the corresponding cardinal point and had an arc length 
of 12 to 14 in., or about 2.5 to 3 in. to each side of the load-spreading 
beam applying load at those points. The rotation was measured at the 
midheight of the specimen. Details of the measuring device are given in 
Appendix B. The relation between the average active load P and the 
rotations at the cardinal points for all specimens are shown in Figs. 
5.33 through 5.38. Of particular interest are the rotation at Nand S 
where large inelastic rotations occurred in all tests. 
The load-rotation curves for the Nand S locations for specimens 
C3 and C6 tested with a high passive stiffness, are nonlinear and in 
general without sudden changes in slope as noted in Figs. 5.33 and 5.34. 
In contrast the curves at those same points for specimens C4, C5 and C7 
exhibit a pronounced change in slope at relatively low load that is 
clearly associated with the occurrence of cracking at those points, as 
noted in Figs. 5.35, 5.36 -and 5.37. Changes in slope of the load-rotation 
curves for the Nand S locations for specimen C8, also tested with low 
passive stiffness, were associated with events in the specimen such as 
cracking, crushing and yielding of reinforcement. 
5.3 DISTRIBUTION OF EXTERNAL FORCES 
The distribution of external forces on the specimen during testing 
is given by the relative magnitude of the active loads and passive forces. 
The relations between the average active load P and the passive forces 
(PA, PB, PC) are presented in Figs. 5.39 through 5.44. The east-west 
loads (PB) were larger than those on either side (PA and PC) for all the 
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tests, and the loads PA and Pc were always very similar. Neglecting 
some erratic behavior during the first one or two load increments 
associated with the operation of the passive rams, in general the loads 
PA and Pc were roughly 50 to 70 percent of PB" The curves for the three 
passive forces are slightly nonlinear, with the passive forces increasing 
somewhat faster than the active loads. As the tests progressed, the 
distribution of external forces changed; forces at the E and W regions 
increased faster than those at the Nand S regions of the specimen. This 
redistribution of external load was more pronounced near the end of the 
test. The force PB at the start of the test was smaller or equal to the 
load P, and increased to 1.2P or more at the end of the test. 
The change in geometry of the specimen was a contributing factor in 
the load redistribution mechanism. The passive forces were mobilized 
through an Ilarch action ll , and as the specimen deformed the arch became 
flatter and the corresponding lateral reactions, i.e., passive forces, 
increased. 
The curves showing PB VS. P for the low strength specimens C3 and C6 
started approximately linearly with PB equal to P, and at cracking at 
critical sections they changed slope as noted in Figs. 5.39 and 5.40 and 
continued approximately linear until the end of the test. The curves for 
PA and Pc are somewhat more curved than for PB· The forces PA and Pc 
had values of about O.SP. 
The active load-passive force relationship for the high strength 
specimens C4 and C5, are shown in Figs. 5.41 and 5.42 and have similar 
shape but somewhat more curved than the corresponding ones for the low 
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strength specimens. All the curves show a change in slope early in the 
test, associated with cracking at critical sections. At low load levels, 
Ps was smaller than the load P, and near the end of the test reached 1.3P. 
Loads PA and Pc varied from O.4P early in the test to O.8P to O.9P near 
the end. 
The curves for the unreinforced specimen C7, shown in Fig. 5.43, 
have the same general shape as those for the high strength specimens C4 
and C5. The erratic behavior of the forces during the first few load 
increments is attributable to irregularities encountered in the operation 
of the equipment as explained in Section 5.1.4. The load PB varied from 
O.6P early in the test, to 1.2P near failure. Loads .PA and Pc varied 
from O.5P to O.7P at the beginning and end of the test, respectively. 
The curves for the conventionally reinforced specimen C8, shown in 
Fig. 5.44, are similar to those of the high strength specimens C4 and C5; 
the change in slo0e associated with early cracking in the specimen is 
perhaps less marked. Near failure, when considerable crushing occurred 
in the specimen, tne passive forces started to increase at a greater tate 
with respect to P t~dn earlier in the test. The values of Ps varied from 
O.6P to 1.3P at th~ ~p~1nning and end of the test, respectively, and the 
forces PA and 
p rdr:e~ from O.4P to O.8P in the same load range. r 
~ 
5.4 INTERNAL FOR:E: 
5.4.1 DETERMINATIO~ OF INTERNAL FORCES 
Twelve external radial forces were applied to the liner specimens 
as shown in Fig. 2.2, and additional tangential forces were intrDduced 
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at the N, S, E and W positions by the reactions of braces that prevented 
the specimens from rotating, as discussed in Section 2.3. The specimens 
thus loaded were statically indeterminate both externally and internally; 
if the tangential forces were not measured, there were 4 ~xternal brace 
forces (tangential forces) and three internal unknowns (axial thrust, 
shear and moment at any section). To overcome this indeterminancy, the 
locations of the four inflection points in the specimens were determined 
by placing strain gages near the quarter points. Locations of these four 
points provide four additional moment equations, and these combined with 
the three external equilibrium equations provided sufficient information 
to determine all the unknowns. All the equilibrium equations were based 
on an estimate of the deformed geometry of the specimen, determined from 
the measured radial displacements of the point of application of the 
radial loads. Also, once these three" internal forces were found at one 
section, it was possible to determine from statics the thrust, shear, and 
moment at other sections in the liner. These quantities were calculated 
at 5-deg intervals around the liner model and at each edge of the load 
spreading beams. 
Computation of the internal forces around the liner was based on 
the following conditions: 
(a) The positions of four inflection points in the liner were known. 
(b) The deformed geometry of the specimens at the point of applica-
tion of the twelve radial loads was determined from the measured radial 
displacements at those points. 
(c) The radius of any point on the section axis between radial loads 
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was assumed to vary linearly with central angle, and was computed from 
the measured radii at the adjacent loads. 
(d) Orientation of the twelve radial loads remained the same 
throughout the test. 
The braces to prevent rotation of the specimens in tests C7 and 
C8 were designed to measure the tangential forces, and they were found 
in acceptable agreement with the tangential forces obtained from solving 
the above-mentioned six equations of equilibrium that assumed those forces 
unknown. When an equilibrium check was performed using the measured radial 
and tangential forces, it was not totally satisfi~d, as some small unbal-
anced forces always resulted; this was a consequence of inaccuracies in 
the measured external loads and estimated deformed geometry. However, 
if the tangerltial forces were assumed unknown and obtained from the six 
equation of equilibrium, the external equilibrium of the specimen was 
automatically satisfied, as the computed tangential forces include small 
corrective forces to counterbalance any small unbalanced forces on the 
specimen. Since the computed tangential forces satisfied equilibrium and 
did not differ appreciably from the measured ones, the former were used 
to compute the internal forces reported in this research. 
The points of zero moment at selected load increments were located by 
passing a smooth curve through the plots of me~sured strain on the inside 
and outside surfaces of the specimen vs. the position on the specimen 
(given by a central angle). The position on the specimen that had constant 
strain through the section, and consequently zero moment, occurred where 
the curves crossed. Prior to plotting the data in this way, the strain at 
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each location was plotted against the active load P and the data from 
gages that appeared to behave irregularly were discarded. 
The accuracy in locating the inflection points in the specimen was 
affected by the scatter in the measured strains. Slightly different 
positions of the inflection points would be obtained if different criteria 
were used to draw a best fit curve through the points. Differences of 
as much as 1 deg (or about 1 in. of arc length in the specimen) in the 
position of the inflection points for different criteria for drawing the 
curves may occur. The effect on the computed moments at the failure 
section and at the zero-deg section of varying by ~l deg the central 
angle defining the position of the inflection points in the N-W quadrant 
in specimen C8, is shown in Fig. 5.45(a). For that test, such a variation 
produces changes in moments ranging from 5 percent at low loads (load 
increment 5) to 16 percent at high loads (load increment 19); the percent-
age of variation increased as the load level -increased. Much larger 
variation in moment can be expected if errors occur in the locations of 
all four inflection points so that the resulting moment errors are 
combined. However, it is not likely that this would occur because the 
errors in inflection point location are random and their influence on the 
calculated moments should tend to cancel one another. 
Only radial displacements were measured at the point of application 
of the 12 radial loads. However, the points other than those at the 
cardinal positions also experienced tangential displacements. Those 
tangential displacements, and the resulting change in ram orientations 
were not considered in calculations except for specimen C8, for which 
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some special studies were made. 
Computations were performed for specimen C8 considering the 
individual displacements and assuming tangential displacements equal to 
the measured individual radial displacements for the load points other 
than at the cardinal points (the tangential displacement were zero at 
these points). The influence on specimen geometry and change in orienta-
tion of the rams was taken into account. The results are shown in Fig. 
45(b) for the section at zero deg and at the failure section. The effect 
of the tangential displacements on the computed moments increased as the 
deformations increased. The moment in the region between 60 and 120 deg 
and between 240 and 300 deg decreased with the inclusion of tangential 
displacements in the computations; the moment reduction at Nand S was 
significantly less than in the above-mentioned regions. The maximum 
decrease in moment at load increment 17 at the failure section was about 
18 percent. 
Earlier experimental work on similar liner models reported in Ref. 2 
(Paul et al., 1974) showed that the computation of bending moments were 
sensitive to deformation of the specimens. If the equations of equilibrium 
were based on the undeformed geometry of the liner, the computations gave 
differences in moment as much as 25 percent from those based on the 
assumption that the radial displacements at each loading point were equal 
to one-half the measured diameter change in the corresponding radial 
direction; this diameter change was measured directly using LVDT's. The 
moments computed from the latter approach were in turn appreciably different 
from the moments reported in this research, that were obtained from the 
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deformed geometry of the specimen, based on the individual radial displace-
ments at each loading point. 
When the segment between radial loads did not experience much damage, 
condition (d) was accurate. When large cracks or crushing developed at a 
section within the segment, a kink would occur in the deformed shape of 
the segment, rendering condition (d) less accurate. The tangential forces 
at the cardinal points were only one or two percent of the thrust when the 
deformations were symmetrical. Near failure, when the deformation became 
less symmetrical, the tangential forces increased to as much as three or 
four percent of the thrust. An exception was specimen C4 where the 
computed tangential forces increased as the test progressed, reaching a 
maximum of 8 percent of the thrust at 90 percent of the failure load, 
and then decreased to 4 percent of the thrust at the maximum load. 
The effect of the tangential forces on the moments was to produce 
an increase at the load-spreading beam equal to the force multiplied by 
the lever arm from the center of the liner cross section to the point of 
application of the force. This level arm varied during the test for the 
fiber-concrete specimens, and had an average value of about 7 in. For 
specimens C7 and C8 the lever arm had a constant value of 7 in. The 
importance of this moment increase on the bending moment diagram depended 
on the magnitude of the moment at the cardinal points. At the east and 
west regions where the moments tended to be low, the moment increase in 
a few cases was 25 percent or more of the total value. At the north and 
south regions where the moments were large, the moment jump was up to 10 
percent of the total value in the worst cases. An exception was specimen 
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C4, where the moment increase at some stages of loading, at the north and 
south regions was 20 percent of the total value. 
5.4.2 COMPUTED THRUSTS AND SHEARS 
The distribution of axial thrust, for several levels of loading, for 
specimen C8 is shown in Fig. 5.46 and is typical of all tests at all levels 
of loading. The thrust varied smoothly and its distribution is symmetrical 
with respect to an E-W axis, i.e., the thrusts at Nand S are about equal 
and the thrusts at E and Ware also about equal. The discontinuities in 
the diagram at the cardinal points result from the tangential forces. A 
good estimate of the thrust at the cardinal points can be obtained by 
assuming that it is equal to one-half the corresponding component of the 
external loads. 
In Fig. 5.47(a) the variation with respect to P of the ratio between 
the thrusts at Nand E, TN/TE' is shown for all specimens. At the beginning 
of the test the thrust at N was from 75 to 90 percent of that at E, and 
toward the end of the test it was equal or slightly larger than that at E. 
The variation with respect to P of the ratio between the thrust at Nand 
the load P, TN/P, is presented in Fig. 5.47(b). At the beginning of the 
test the thrust at N is from 1.2P to 1.5P, and toward the end of the test 
it is from 1.85P to 2.0P, where P is the value of one of the active loads. 
In Fig 5.48 the distribution of shear at several levels of loading 
for specimen C8 ;s shown. The saw-tooth shape is typical for all specimens 
at all levels of loading. The shear distribution is approximately 
symmetrical with respect to the N-S and E-W axes; consequently at the 
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zero, 90, 180, and 270 deg sections the shear is zero or close to it. 
The radial shear at a section is the sum of the components of all forces 
on the segment of structure to either side of the section. Cutting the 
specimen at one of those near-zero sections, and assuming the thrust at 
the section to be one-half of the perpendicular component of the external 
load, a good estimate of the shear at any other sections around the 
specimen can be computed. The shear diagram must close as it completes 
the transit around the liner. In Fig. 5.48 it is noted that the zero-
shear section between radial loads changed position as the load increased. 
The corresponding point of maximum moment also moved, as discussed in the 
next Section. 
5.4.3 COMPUTED BENDING MOMENTS 
5.4.3.1 INTRODUCTION 
In this section the moment-thrust (M-T) paths for critical sections 
of all test specimens, and the bending moment diagram at several stages 
of loading for typical specimens are presented. In the graphs corresponding 
to the M-T paths an estimated average peak M-T envelope, as defined in 
Section 4.1, is included. These envelopes are assumed to be representative 
of all cross sections in the specimen, except for those sections in which 
the concrete was confined by the load-spreading beams, and are based on 
the material properties for each specimen discussed in Chapter 3. The 
maximum positive moment (tension inside) occurred at zero and 180 deg 
(N and S) in all tests, and those sections, or the sections at the edges 
of the load-spreading beam at those positions were always sections of 
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large distress. The maximum negative moment (tension outside) in general 
occurred between the radial loads just to the north and south of the E or 
W load-spreading beams, but its position varied somewhat during the test. 
A crack would appear at the maximum moment section; as the test continued 
the position of the computed maximum moment would shift as much as 7 deg, 
but the original crack would continue to open the most. The position of 
the crack was difficult to describe since its vertical trajectory was 
irregular; moreover, due to the inclination of the crack with respect to 
the section axis, failure of the specimen was not limited to a single 
section, but involved a segment of specimen at least 6 in. long or about 
6 deg. The nominal location of the damage was assigned to the average of 
the position of the critical crack along the height of the specimen. The 
moments assigned to those critical sections were the maximum computed 
moments at advanced stages of loading in the regions of high moment 
gradient, where those critical sections were located. The difference in 
position between maximum moment and assigned position of the damage in 
most cases was no more than 5 deg, however. 
In attempting to correlate computed moments, the moment-thrust 
envelope and observed damage, the uncertainties involved in determination 
of those parameters should be kept in mind. The computed moments are 
affected by the following factors: 
(a) The uncertainties in the location of the inflection points 
discussed in Section 5.4.1 indicate that the computed moments should be 
regarded as an average of a band of probable values. In Section 5.4.1 
it was shown that for specimen C8 a width of the band of about +10 percent 
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can be expected at high loads. 
(b) The existence of tangential displacements of unknown magnitude 
at the point of application of the radial loads renders moments somewhat 
different from the computed ones. The trend of the effect of these 
tangential displacements has been shown in Section 5.4.1. 
The estimated moment-thrust envelopes are affected by the following 
factors: 
(a) The variability of the tensile strength of fiber-reinforced 
concrete was discussed in Section 3.3.1, where it is concluded that 
differences in flexural strength (zero thrust) of as much as 30 percent 
at different sections of a liner specimen can be expected. Also, the 
prediction of the flexural strength of sections of the liner specimens 
from flexural tests on standard beams are complicated by the decline in 
flexural strength from short to long members. Consequently, the varia-
bi1ity of t~~ envelope, assumed to be unique for all sections in the 
specimen, 1: ~l~ected to be larger in areas where the tensile strength 
is more 'r~J''''~cr~. i.e., at low thrust values. The variability of the 
compress 1 \,(- :rt:'''',::''', of the concrete also adds to the uncertainty of 
the enve1c~f .d ,~~s. but to a lesser degree than the tensile properties. 
The envelc~~ ,c'~ps for unreinforced and conventionally reinforced 
concrete arf r r~ .. 'ltIt";at less uncertain, because in the former the infl uence 
of the tens1;e s:rength is negligible whereas in the latter the envelope 
is strongly influenced by the presence of the steel bars which possess 
more reliable characteristics. 
(b) The variability in depth of the specimen cross sections is 
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another source of uncertainty in the envelope values. An estimated 
average variation for the test specimens of ~1/8 in. in the depth of 
the cross section produces a variation of ~4 percent in the moment 
values for the envelope, and a possible maximum of ~3/16 in. variation 
produces a variation of ~6 percent in the moment. 
5.4.3.2 LOW STRENGTH FIBER-REINFORCED CONCRETE SPECIMENS 
Specimen C6 
The bending moment diagram at different load levels for specimen 
C6 is shown in Fig. 5.49. The first load level corresponds to increment 
6 at 13 percent of the failure load, when the specimen was essentially 
uncracked. At this stage the diagram presents a slightly undulating 
appearance with well defined zones of positive moment in the areas of 
active loading, and negative moments in the areas of passive loading. 
The areas of largest moment are at Nand S, and between radial loads 
north and south of the E and W beams. 
The second load level in Fig. 5.49 corresponds to load increment 17 
at 88 percent of the failure load. At this stage extensive damage had 
occurred at several critical sections in the specimen. The bending 
moments had undergone considerable redistribution; the moments had 
increase at almost all sections but not in a proportional manner. The 
moments at E and W had changed sign and grown to a magnitude comparable 
to the other high moment regions. The undulations in the diagram had 
been greatly accentuated and within each region of positive and negative 
moment several relative maxima and minima occur. In the positive moment 
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regions, the moment under the loads increased considerably more than 
between the loads, while in the negative moment regions the opposite 
occurred. At this load increment, the maximum positive moments occurred 
at Nand S. In the regions of negative moments, those between radial 
loads were the largest and about equal. At this stage of loading, the 
moments in the specimen reached their maximum values during the test. 
The third load level in Fig. 5.49 occurred near failure, and the 
moment diagram had taken a different configuration. The moments had 
decreased at the most highly stressed sections and increased at others 
such as E and W. 
The sections that experienced significant damage in specimen C6, 
shown in Fig. 5.4, were at 4 (edge of N beam), 110, 135, 176 (edge of S 
beam) deg and at the failure region, nominally located at 230 deg. The 
fact that crushing occurred at the edges of the beams and not under them 
provides evidence that in this test the load-spreading beams confined 
the concrete under them and increased the strength of those sections. 
In Fig. 5.50 the M-T paths of important sections are shown. These 
sections are the damaged ones mentioned above plus some sections that in 
Fig. 5.49 appeared to be significantly stressed. In Fig. 5.50 the path 
for the zero-deg section extends considerably outside the envelope and 
beyond the path for the section that failed. This is possible because 
the real peak moment envelope for that section is one corresponding to 
concrete under confined conditions that provides more moment capacity 
than the envelope shown. The moments at 4 and 176 deg had the same value 
at low loads; that at 176 deg became larger than that at 4 deg at later 
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stages of loading and remained in that relative' proportion until approaching 
failure when the moment at 176 deg decreased. The relative magnitude of 
those moments are consistent with the measured rotations at Nand S, shown 
in Fig. 5.34, where the rotations at S were greater than at Nand conse-
quently, the moments at S should be greater than those at N; an explana-
tion for the decreasing moment at 176 deg near failure is offered in 
Chapter 6. 
All the M-T paths for the damaged sections enumerated above attained 
large moments and approached the envelope, so the moments are consistent 
with the degree of damage observed; furthermore, the failure region (230 
deg) attained the largest moment of sections with unconfined concrete, 
indicating agreement between computed amount and observed behavior. The 
M-T path for the undamaged sections at 70 and 290 deg are also shown in 
Fig. 5.50, where it is seen that the computed moments were smaller than 
the value that would cause failure. The moments at 290 deg approached 
the envelope close~ than expected from the damage observed, but considering 
the uncertaint1es In tne computed moments and in the section strength, the 
correlation is conS!jered acceptable. 
Specimen C3 
Specimen C3 ~d· .. tested with the same stiffness of passive forces as 
specimen C6, and th~ conputed bending moments were of the same general 
pattern and exhib1tec the same trends of distribution of moments as 
described for specimen C6; a moment diagram will not be shown. The 
sections that experienced significant damage (see Fig. 5.1) were at 356 
and 4 deg (both edges of N beam), 110 and 230 deg, and at 176 deg (edge 
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of S beam) where failure occurred. In this test the load-spreading beams 
confined the concrete, and crushing occurred at the edges and not under 
them. 
In Fig. 5.51 the M-T paths are shown for the sections of specimen C3 
enumerated above plus other highly stressed sections. Again, the path for 
the lBO-deg section extends outside the estimated peak moment envelope as 
a result of the concrete confinement provided by the beam. The M-T paths 
at 4 and 176 (nominal failure section) deg progressively approach the 
greater than at 4 deg; this relative magnitude of the moments was consis-
tent with the measured rotations at Nand S shown in Fig. 5.33, where the 
rotation at S was greater than at N indicating a greater moment at S. 
The M-T path for the failure section almost reached the estimated failure 
M-T envelope just one increment before failure, attaining a moment that 
was the largest in the specimen. The correlation between measured and 
observed parameters for those two sections is good, and the magnitude of 
moments, in particular those at S are considered reliable. 
The correlation in Fig. 5.51 of the damage at sections subjected 
to negative moment is not as good as the sections near N or S. The path 
for the section at 230 deg attained a moment close enough to the envelope 
to be consistent with the damage observed, but the path for the section 
at 110 deg remained farther from the envelope than would be expected 
from the amount of damage observed. Moreover, the path for the section 
at 290 deg shows moment values inconsistently large for a section where 
no damage was observed. These inconsistencies are probably due to 
inaccuracy in the computed M-T path as a result of the uncertainties 
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discussed in Section 5.4.3.1. 
5.4.3.3 HIGH STRENGTH FIBER-REINFORCED CONCRETE SPECIMENS 
Specimen C4 
The bending moment diagram at different load levels for specimen C4 
is shown in Fig. 5.52. The first load level corresponds to increment 7 
at 10 percent of the failure load, when the specimen was uncracked. At 
this stage the diagram has a smooth shape without the marked undulations 
exhibited at the same loading stage in the diagram for specimen C6. The 
regions under active load were subjected to positive moment with a maximum 
at Nand S. The regions under passive loading we~e subjected to negative 
moment with a zone of nearly uniform moment around the E and W beams. 
The second load level in Fig. 5.52 corresponds to increment 21 at 
90 percent of the failure load, when the moment at the failure section 
(285 deg) was a maximum. At this stage considerable damage had occurred 
at several sections in the specimen, and the bending moments had undergone 
considerable redistribution. The moments had increased at almost all 
sections but not in a proportional manner, with the notable exception of 
E and W where the moment remained nearly constant. Undulations had 
appeared in the moment diagram at this stage and the shape resembles that 
of Fig. 5.49 for specimen C6 at a similar loading stage although in 
specimen C4 the undulations are not as marked as in specimen C6. As in 
specimen C6, in the regions of positive moment in Fig. 5.52, the moment 
at sections under the loads had increased considerably more than between 
the loads, and the sections at Nand S had the maximum positive moments 
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in the specimen. The moment at sections under the loads increased more 
than those between the loads, but the difference in moment between those 
areas was not as large as in specimen C6. The sections of maximum negative 
moment are clearly located between the radial loads just north and south 
of the E and W beams, as opposed to specimen C6 where all the areas of 
negative moment between loads exhibited moments of about the same magnitude. 
The increase in moment at the cardinal positions as a result of the tangen-
tial forces was larger at high than at low load levels, and created an 
important difference in moment between the two edges of the Nand S load-
spreading beams. 
The third load level in Fig. 5.52 corresponds to load increment 24, 
just before failure. In the small load increment between 21 and 24, the 
moments redistributed considerably. Almost all the negative moments 
became smaller and the positive moments increased except at Nand S where 
they remained about constant. The originally small negative moments at 
E and W changed to large positive moments. 
The sections that experienced significant damage (shown in Fig. 5.7) 
were at 356 (edge of N beam), 75, 110, 176 (edge of S beam), 250 and 285 
(nominally the failure section) deg. The wide cracks at Nand S were near 
the edges of the load-spreading beams, and have been assigned angles 
corresponding to these locations, though there was some variation in 
actual location through the height of the specimen as shown in Fig. 5.8. 
Both cracks propagated irregularly; in particular the crack near S varied 
over an 8 deg arc segment, involving moments ranging from low values to 
the maximum moment in the specimen. This variation contributes to the 
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difficulties in explaining the flexural behavior of the specimens, in 
particular those reinforced with fiber. The nature of the crack propaga-
tion indicates an uneven distribution of strength. 
The paths for sections at 356 and 176 deg (edges of Nand S beams) 
in Fig. 5.53 leave the origin linearly, turn upward abruptly before 
reaching the envelope and continue almost straight and parallel to ·the 
envelope until failure. At the turning point of the path for the 356-deg 
section, the moment remained constant for a short loading range. Moments 
at the section under the S beam at 180 deg in Fig. 5.53 did not exceed 
those of the envelope for unconfined conditions. For load levels expe-
rienced in this test, the increase in moment capacity provided by confine-
ment of concrete by the load-spreading beam was rather small, as discussed 
in Section 4.2.2 in connection with Fig. 4.6. The reasons for the 
irregular trajectory of the M-T paths at 356 and 176 deg are explained 
in Chapter 6 and are associated with the large rotations measured at N 
and S (shown in Fig. 5.35). 
All the paths in Fig. 5.53 for the damaged sections with negative 
moment leave the origin in an approximately linear manner, turn upward 
smoothly when they reach the envelope and continue along it until they 
reach a high load level where the moment decreased until failure. All the 
paths are similar and at all four sections the moment attained magnitudes 
consistent with the observed damage within the range of uncertainties. 
Examination of Fig. 5.52 shows that all other sections exhibited moments 
smaller than those that caused damage and their M-T paths are not shown in 
Fig. 5.53. In this test good correlation was obtained between computed 
moments, the estimated envelope and observed damage. 
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Specimen C5 
Specimen C5 was tested with the same passive stiffness as specimen 
C4 and the computed bending moments were of the same general pattern and 
exhibited the same trends of distribution of moments as described above 
for specimen C4, so a moment diagram is not shown. The sections that 
experienced significant damage (shown in Fig. 5.10), were at zero, 70, 
180 and 285 (nominally the failure section) deg; less damage occurred at 
105 deg. The damage at Nand S have been assigned to zero and 180 deg, 
respectively, on an average basis, because those were the average sections 
through which the cracks developed. In this test the load-spreading beams 
did not confine the concrete as efficiently as in specimens C3 and C6, 
as some crushing was detected under the beams. 
The M-T paths of the sections enumerated above for specimen plus 
other highly stressed sections, are shown in Fig. 5.54. The trajectory 
of the paths for the zero and 180 deg sections is similar to those at 
similar positions in specimen C4. In this test, after the initial linear 
trajectory a decrease in moment was experienced at both sections, rather 
. 
than just a range of constant moment as in specimen C4. This particular 
characteristic will receive more attention in Chapter 6. 
As in specimen C4, the paths for the sections with negative moment 
in Fig. 5.54 are similar; they approach the failure envelope rather 
linearly, continue along it, and at a high load level the moment decreases 
until failure. The magnitude of moments and trajectory of the M-T paths 
as related to the envelope for the failure (nominally at 285 deg) and 
70-deg sections are consistent with the observed damage. The maximum 
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moment at the 70-deg section was greater than the maximum moment at the 
failure section, but the 70-deg section was also on the verge of failure. 
The computed moment at the 105-deg section is somewhat large for the 
little damage observed there, and moments at the 255-deg section is large 
for a section where no damage was observed. Again, these inconsistencies 
are probably due to inaccuracy in the computed moments and to variation 
in strength for different sections of the specimen. 
5.4.3.4 UNREINFORCED SPECIMEN C7 
The bending moment diagram at three different load levels is shown 
in Fig. 5.55 for specimen C7. The first load level corresponds to 
increment 7 for the uncracked state at 8 percent of the failure load. 
This specimen was tested with the same passive stiffness as specimens C4 
and C5, and consequently the moment diagram for C7 strongly resembles 
that for those specimens at the same loading stage. The second load level 
in Fig. 5.55 corresponds to increment 20 when the failure section attained 
its maximum moment at 85 percent of the failure load. At this stage some 
redistribution of moments had taken place, most of it occurring immediately 
after cracking had occurred at a section. The general shape and charac-
teristics of the moment diagram are very similar to those for specimens 
C4 and C5 at the load level corresponding to the maximum moment at the 
failure section. 
The third load level in Fig. 5.55 corresponds to load increment 21 at 
essentially the failure load. In the short increase in load from increment 
20 to 21 there was moment redistribution but not as much as in specimens 
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C4 and C5 in the same loading range. The negative moment between loads 
decreased in some areas and at the E and W regions the moments that were 
originally negative changed signs. 
The sections that experienced significant damage (shown in Fig. 5.13) 
were at zero, 75 (nominally the failure section), 180, 255 and 285 deg. 
The M-T paths of those sections are shown in Fig. 5.56. The 105-deg 
section also experienced large moments and its M-T path is also shown. 
The M-T paths at zero and l80-deg leave the origin at a flat slope, and 
after crack formation at a low load the moment decreased; then the paths 
followed the residual M-T envelope. This behavior is associated with 
the large rotations measured at Nand S (shown in Fig. 5.37), and in 
Chapter 6 it will be shown that these characteristics are predictable. 
The characteristics of the M-T paths for the four sections with 
negative moment are similar; they left the origin linearly and at a flat 
slope, but when cracking occurred they turned upward toward the residual 
M-T envelope and followed it or remained parallel to it. The correlation 
between the moments and observed damage is different for each path. At 
the failure section and at 75 deg moments were smaller than those on the 
envelopes, as would be expected from the observed damage. The path at 
255 deg exhibited somewhat larger moment than expected for the thin crack 
that developed, and at 105 deg the moments were inconsistently large for 
the absence of damage at that section. 
5.4.3.5 CONVENTIONALLY REINFORCED SPECIMEN C8 
Bending moment diagrams at four load levels for specimen C8 are 
shown in Fig. 5.57. The first load level corresponds to the uncracked 
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state at load increment 5, or 7 percent of the failure load. This 
specimen was tested with the same passive stiffness as C4, C5 and C7, 
and the characteristics of the moment diagrams in Fig. 5.57 are similar 
to the diagrams for those specimens at the same uncracked state. The 
second load level corresponds to increment 12 at 56 percent of the 
failure load and about the load level for which it is estimated that 
yielding of the tensile steel occurred at the critical sections and 
extensive cracking occurred in several regions. The bending moments show 
the familiar shape and characteristics discussed for specimens C4, C4 and 
C7 at similar loading levels. 
The third load level corresponds to increment 15, or 92 percent of 
failure load, when spalling was observed and moment was maximum at some 
critical sections. No noticeable change in the moment diagram shape is 
observed except at E and W, where the moments remained about constant. 
The characteristics of the distribution of moment do not seem to be 
altered substantially by the yielding of the steel that occurred at load 
increment 12. A fair degree of symmetry in the diagram can be observed. 
The last load level in Fig. 5.57 corresponds to increment 17 at the 
maximum load attained in the test. Compared with the other specimens 
tested with the same passive stiffness, a substantial change in the 
pattern of redistribution of moments occurred. Almost all sections have 
reduced moments, in particular the negative moment sections. At the E 
and W sections the original negative moments changed to positive ones. 
The well distributed and rather symmetrical pattern of cracks (Fig. 5J7) 
developed during the test is in agreement with the areas of large moment 
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in Fig. 5.57. The sections of greatest damage were at 4 (edge of N beam), 
75 and 285 (nominally the failure section) deg where extensive spalling 
occurred, and the region under the S beam. In the latter region, two 
closely spaced wide cracks developed and for purposes of discussion will 
be assigned to the l80-deg section. Sections at 285 and 75 deg suffered 
similar damage and either one could have failed before the section that 
finally precipitated failure of the liner. 
The M-T paths for the sections enumerated above are shown in Fig. 
5.58. The paths at zero and 180 deg (under the Nand S beams) correlate 
well with the peak M-T envelope based on confined concrete, and the path 
at 4 deg (edge of N beam) correlates well with the envelope for unconfined 
concrete. Small changes in slope can be detected as the latter section 
cracked, the steel yielded, and the path reached the envelope for uncon-
fined concrete; subsequent to reaching that envelope, the M-T path at 4 deg 
followed it until load increment 15 when spalling occurred at the section; 
the moment then started to decrease suddenly and the path turned inward 
away from the envelope. 
The paths for sections at 75 and 285 (nominally the failure section) 
deg also correlate well with the damage observed when the paths are compared 
with the failure envelope for unconfined concrete shown in Fig. 5.58. Both 
paths show a small change in slope when the sections crack and later when 
they reach the envelope; the paths then continued along or parallel to the 
envelope until load increment 15 when heavy crushing was detected at 75 deg. 
The moment then decreased rapidly at the 75 deg section until failure. The 
moment at 285 deg was somewhat smaller than at 75 deg, consistent with the 
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fact that the former was eventually the failure section. 
The M-T path for 255 deg, shown in Fig. 5.58, exhibited a trajectory 
similar to that at 285 deg, but with moments slightly smaller. Extensive 
cracking was observed at this section but not crushing; nevertheless the 
correlation of moment and observed damage is considered acceptable. The 
moments at 105 deg (path not shown) were of similar magnitude to those at 
75 deg; extensive cracking was observed in this area, and again the 
correlation is good. 
The overall assessment of the computed moments for specimen C8, and 
its correlation with the estimated peak moment envelopes and the observed 
damage is favorable, and perhaps the best for all the tests performed. 
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CHAPTER 6 
DISCUSSION OF TEST RESULTS 
Six circular concrete tunnel liner models were subjected to active 
loads at the Nand S regions and passive resisting forces with linear 
load-deformation characteristics at the E and W regions (Fig. 2.1). The 
main variables in the tests were the value of the passive force stiffness 
K , and the strength and reinforcement of the liner models. Four of the 
s 
models were constructed of steel-fiber-reinforced concrete, one was unrein-
forced, and one had conventional steel bar reinforcement. 
Two pairs of specimens were similar in concrete strength and stiffness 
of the passive forces. Specimens C3 and C6 differed 8 percent in f' and 
c 
were tested with the same Ks (250 kips/in.), and specimens C4 and C5 
differed 13 percent in f~ and were tested with the same Ks (100 kips/in.). 
The maximum load and deformation for each pair were quite similar, and a 
good degree of symmetry of the external loads and internal forces was 
achieved throughout most of the loading range in all the tests. Less 
similarity was achieved in the step-by-step behavior in each pair of tests, 
and in the sequence and amount of damage. Some physical events did not 
occur at the same load levels. The cracks in the fiber-reinforced speci-
mens propagated in an irregular path, indicating a nonuniform distribution 
of strength in the specimens. 
The load-deflection curves of the specimens were initially linear 
with a slope strongly controlled by the stiffness of the passive forces; 
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the curves gradually become nonlinear, softening smoothly with increasing 
load. The load-deflection curves have some kinks as a result of cracking, 
yielding of the steel when present, and crushing. Some of the test curves 
exhibited a short flat plateau just before failure, but this plateau was 
not nearly as pronounced as in frame-type under-reinforced structures. 
All the specimens suffered extensive and progressive damage at 
critical sections. Flexural cracking appeared first, followed at some 
sections by crushing on the opposite side of the section .. Penetration of 
the crack depended on Ks. For high values of K
s
' two cracks developed at 
the critical sections, penetrated 2 to 3 in. and remained narrow during 
the test. For small Ks' only one crack develope~. at the critical section, 
penetrated up to 5 in. or more, and opened considerably during the test, 
as shown in the measurements of crack openings in Figs. 5.16 and 5.20. 
For small values of Ks the propagation of some cracks was influenced by 
shearing stress, as indicated by a diagonal trajectory. 
A major effort In this research was directed to the computation of 
internal forces in th~ nodel, to the understanding of the step-by-step 
variations of tnose forces, the factors that influenced these variations, 
and their signlflcd~C~ In relation to the overall behavior of the liner. 
That understand,"; 1S 0' prime importance for the subsequent design of 
tunnel liners. Vdr~at'on of the moment and thrust at critical sections 
in the liner models .dS strongly influenced by the main variables. The 
trajectory of this path as related to the corresponding M-T failure 
envelope of the section can be correlated with crack opening, ultimate 
strength, and the general load carrying mechanism. 
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All of the specimens were uncracked and the distribution of internal 
forces corresponded approximately to a linear configuration up to about 
8 percent of the maximum loads. As cracking and/or crushing appeared, 
the distribution of shear and moments changed progressively. The gradual 
change in distribution of shear can be observed in Fig. 5.48, but the 
change in the distribution of bending moments illustrated in Figs. 5.49 
through 5.58 was the most pronounced. The extent of redistribution in 
moment varied among the specimens, with the unreinforced specimen C7 
experiencing the least. The moment redistribution was appreciably near 
failure in the conventionally reinforced specimen C8 and in the high 
strength fiber-reinforced specimens C4 and C5; moments decreased consider-
ably in the highly stressed regions, with a small increase in thrust. 
Good understanding of the phenomenon of moment redistribution and 
of the load-carrying mechanism can be obtained by examining the M-T paths 
at critical sections. Whenever the M-T path departed from linearity, 
redistribution of moments was occurring in the structure, and changes in 
trajectory of the path at one section were associated with changes in 
trajectory at other sections. The characteristics of the M-¢ curves for 
critical sections and their associated moment-thrust envelopes imposed 
constraints on the M-T paths of the corresponding sections, and determined 
the pattern and extent of redistribution of moments in the structure. 
When the M-T path of a critical section reached the M-T envelope and the 
critical compressive strain had not been reached in the concrete, the 
specimen did not fail, but continued to resist the increase in external 
load and the corresponding increase in thrust at all sections; the M-T 
path of the critical sections followed the M-T envelope until a failure 
condition was reached at a section. Between' the load level at which the 
M-T envelope was reached and the level at which failure occurred at some 
section, the distribution of moments changed. Some sections had moments 
that were becoming smaller as their thrust increased while others 
increased. The process of moment redistribution was accompanied by a 
gradual redistribution of external forces as well. As the test progressed 
the passive forces increased at a faster rate than the active loads, as 
shown in Figs. 5.39 through 5~44. 
6.2 LOAD-DEFORMATION BEHAVIOR 
The relation between average active load P and the N-S and E-W 
diameter changes for all specimens was presented in Section 5.3 and 
shown in Figs. 5.27 through 5.32; the change in diameter at maximum load 
in both directions is tabulated in Table 6.1. The active load-deformation 
relationship was more linear for deformations in the E-W than the N-S 
direction. This is reasonable because the deformation in the E-W direction 
was controlled by an imposed linear load-deflection relationship for the 
passive forces. In all tests, the N-S diameter change was larger than 
the E-W, as a consequence of the mechanism of deformation described below. 
The deformation of the test specimens can be visualized as occurring 
in two stages: 1) If rigid passive supports (or infinite Ks) were assumed, 
and active loads P were applied, the eccentricity of the thrust (MIT) at 
all sections would be small, and the predominant load-carrying mode would 
be through axial forces; consequently, the largest component of the N-S 
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diameter shortening would result from axial shortening and would be 
approximately proportional to the thrust and inversely proportional to 
the modulus of elasticity of the liner material. The E-W diameter change 
would be zero. 2) If the passive supports were then allowed to deform, 
which in turn allows the specimen to deform and develop additional bending 
moments, there would be an additional decrease in diameter in the N-S 
direction, and an increase in diameter in the E-W direction. If thi~ 
latter deformation were assumed to occur without a change in circumference, 
the E-W and N-S diameter changes would be nearly equal; When the deforma-
tion produced by the deformation of the supports is added to the deforma-
tion caused by axial shortening, the N-S diameter change is larger than 
that in the E-W direction. 
The relative contribution of the axial and flexural deformation 
components to the N-S and E-W diameter change depends strongly on K . 
s 
Parameter studies with a linearly elastic analysis using the schematic 
liner model shown in Fig. 2.2 are reported in Ref. 12 (Parker and Deere, 
1973), with the difference that the loads were concentrated instead of 
spread as in the figure. Those studies showed that the contribution of 
the axial shortening to the overall diameter change increased as Ks 
increased; for K values of 4770 and 250 kips/in. and a liner modulus of 
s 
elasticity of 2000 ksi, the deformation due to axial shortening constituted 
24 and 4 percent of the N-S diameter change, respectively. Also the 
diameter change due to bending was larger in the N-S than the E-W direction 
but the difference between the two decreased as Ks decreased. For low 
values of Ks the deformation due to axial shortening was small, and that 
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due to bending was similar in the two directions, so the total diameter 
change was similar in the two directions. 
The influence of Ks on the deformation behavior of the specimens 
is also noticeable in the rotations measured between the ends of short 
segments of the specimens at the cardinal regions as shown in Figs. 5.33 
through 5.38. A change of K from 250 to 100 kips/in. essentially doubled 
s 
the value of the measured rotations at the Nand S regions. 
The stiffness, K , of the combination of liner and passive force 
a 
system can be measured by the slope of the load-deformation curve in the 
active load direction (N-S), and is based on the average active load P 
and the N-S diameter change. The stiffness of the passive forces Ks and 
the stiffness of the liner alone are the two major factors that influence 
K . 
a 
Passive force stiffness affected the liner system stiffness a great 
deal as shown in Fig. 6.1 where only steel-fiber-reinforced specimens are 
shown but with two different passice force stiffnesses. Tests C3 and C6 
had passive stiffnesses of 250 kips/in. whereas C4 and CS were 100 kips/in. 
The specimens in each Ks group had similar stiffnesses as measured by 
their moduli of elasticity given in Table 2.1. The two tests with the 
same passive stiffness had almost the same load-deformation curves until 
peak load was approached. The stiffnesses K
a
, measured in the initial 
linear porti'on above the low load range where some irregularities in the 
curves are observed, were 74.7 kips/in. for specimens C3 and C6, and 36 
kips/in. for specimens C4 and CS. An increase of 2.S in passive force 
stiffness resulted in a 2.07 increase in stiffness of the liner system. 
However, specimens C4 and CS had moduli of elasticity (see Table 2.1) 
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that were larger than those for C3 and C6 and this may account in part 
for the 2.07 factor not being larger. 
Since tests C4, C5, C7, and C8 had nearly the same passive stiffness, 
the influence of the liner reinforcement on system stiffness can be 
observed. The average active load vs. diameter change in the N-S 
direction is shown for the four tests in Fig. 6.2. Specimen C8 with 
conventional reinforcement was stiffest while C7 with no reinforcement 
was the least stiff, and the curves for the two steel-fiber-reinforced 
specimens lie between the other two as expected. All of these specimens 
were tested with a measured Ks of approximately 100 kips/in. The largest 
departure from that figure occurred in test C7 where Ks was 6 percent 
lower. If the stiffness Ka is determined from Fig. 6.2 for the approxi-
mately linear range above the low load range where irregularities in the 
curve were observed, they are found to be as follows: 
Specimen 
C4 
C5 
C7 
C8 
Reinforcement 
Steel Fiber 
Steel Fiber 
None 
Defonned Bars 
Active stiffness, K 
kips/in./ft a 
32.8 
30.5 
29.1 
33.8 
Uncracked flexural 
stiffness, 
E1 1 06 k' . 2 x ,1pS-ln. 
2.073 
2.203 
1.944 
2.094 
The initial uncracked E1 values were reduced early in the test in the 
areas where cracking occurred, and continued to decrease as the tests 
progressed and cracking continued. Specimens C7 and C8 had nearly the 
same cylinder strength f~, and any difference in stiffness of the two 
liners is mainly due to the presence of reinforcement in specimen C8 that 
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reduced the change in stiffness as a consequence of cracking. A detailed 
evaluation of the difference in liner stiffness for the two tests as 
cracking progressed is only possible by means of a nonlinear analysis 
such as the one discussed in Chapter 7. 
An estimate of the effect of reinforcement on the liner system 
stiffness can be obtained from Fig. 6.2, however. The greater stiffness 
of specimen C8 increased K by 16 percent over that of specimen C7, but 
a 
part of that increase may be attributed to the greater Ks (6 percent) of 
specimen C8. Thus the stiffness K of the combined liner and passive force 
a 
system was influenced relatively little by the variation from no reinforce-
ment to a typical amount of reinforcement for tunnel liners. 
Additional experimental and/or analytical studies over a broader 
range of K and liner stiffness are needed to better assess the effect of 
s 
Ks and stiffness of the liner on Ka. However, some qualitative trends 
can be obtained from the analytical studies reported in Ref. 12 where 
linear elastic analyses of the structure shown in Fig. 2.2 are reported. 
Those studies were extended in this research. Two sets of elastic analyses 
for two moduli of elasticity of the liner, one twice the other, and each 
set of analyses for a wide range of passive stiffness, were performed on 
the liner. The ratio of K for the larger E to K for the smaller E 
a a 
increased as Ks increased (the absolute value of Ka for a constant E 
always increases as Ks increases), approaching the value of 2 for infinite 
K (rigid supports). For very low values of K this trend was reversed, 
s s 
and the ratio of the active stiffnesses K approached two as K approached 
a s 
zero. Those two limiting cases for Ks of zero and infinity correspond to 
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the physical conditions of rigid supports and no passive forces; for 
such conditions, the deformations for the same loads are directly propor-
tional to the ratio of the modulus of elasticity, or 2 for the problem 
under discussion. For the range of Ks used in the liner tests the 
elastic analyses rendered variations of Ka on the order of 30 percent 
for 100 percent variation in the modulus of elasticity of the liner. 
The variation of K given above was also influenced by the stiffness of 
a 
the liner as compared to the stiffness of the passive forces; as the 
1 iner llsoftened" with respect to Ks the percentage of variation in Ka 
decreased. 
The deformation ~D/D at maximum load of the liner models is given 
in Table 6.1, and was influenced by Ks and the strength of the liner. 
The effect of Ks on the ~D/O at maximum load can be observed in Fig. 6.1; 
a larger K tended to reduce the ultimate deformation at maximum load. 
s 
The effect of the liner strength on the deformation at maximum load can 
be observed in Fig. 6.2; the 60/0 at maximum load increased as the 
strength increased for the same K . 
s 
The deformation at failure has already been shown and is also 
included in Table 5.1 in the last chapter. As this deformation occurred 
in some specimens at loads less than the maximum, it is not as important 
as the deformation at maximum load, because the former strongly depends 
on the testing procedure. 
6.3 STRENGTH OF SPECIMENS 
Test results of the six tests in this series and test Cl described 
in Ref. 2 are summarized in Table 6.1. Since the concrete strength varied~ 
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the absolute load at failure is not as meaningful as the thrust, T , at 
u 
failure divided by the thrust that would have caused failure if there 
were mo moment in the liner, T. This latter thrust is given by f1bt 
o c· 
where f' is the concrete compressive strength, b is the height, and t 
c 
the thickness of the specimen. Also, the ultimate force in the rein-
forcing bars must be added for specimen C8. 
f is the yield stress in the steel, and A y s 
This force is fA, where y s 
is the total steel area. 
The reduction in thrust below the pure thrust value results·from moment 
in the specimen, which is related to the ovaling deformation of the 
liner, which in turn is related to the stiffness of the passive forces. 
Therefore, it is informative to study the ratio TulTo' and the influence 
that the passive stiffness Ks has on this ratio. The ratio is shown in 
Table 6.1 and is plotted against Ks in Fig. 6.3{a) where it is seen that 
T IT increased with increasing passive stiffness. A curve is defined u 0 
reasonably well by the data points except for specimen C8. The steel-
fiber-reinforced specimens and the unreinforced specimen C7 lie on this 
curve. The maximum load P vs. the maximum thrust at the critical section 
u 
is plotted in Fig. 6.3(b). A straight line fits the data with slight 
error for specimens C6 and C5. This linear relationship seems to be 
independent of reinforcement and K for these tests. For the load pattern 
s 
used the average ratio P IT is 0.533, and varied from 0.516 to 0.546. 
u u 
A procedure for predicting the strength of tunnel liners can be 
devised from experimentally or analytically developed curves such as those 
shown in Fig. 6.3. Following the arrows shown in Figs. 6.3(a) and 6.3(b) 
the maximum load P
u 
resisted by a liner of known material properties, and 
" 
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for a known K , can be computed. Entering Fig. 6.3(a) with a value of 
s 
K the ratio T /T is obtained; since T is a property of the liner 
su  0 
section and can be calculated, the failure thrust Tu can also be found. 
Entering Fig. 6.3(b) with the value of Tu' the maximum load Pu is thus 
obtained for a particular specimen configuration and loading conditions. 
The influence on strength of the specimens of the passive force 
stiffness can be observed in Fig. 6.3(a). When Ks = 25 kips/in., only 
12 percent of the axial thrust capacity was developed, at K of about 
s 
100 kips/in. 15 to 16 percent was developed t and at Ks of 250 kips/in. 
50 to 52 percent of the thrust capacity was developed. A factor of 
increase in passive stiffness of 2.5 from 100 to 250 kips/in. resulted 
in a factor of 3.1 increase in thrust capacity from about 16 to 50 
percent. It appears from extending the curve that the full thrust 
capacity may be developed if the passive stiffness is in the range of 
350 to 450 kips/in. for these tests. 
Test C8 was the only specimen with deformed bar reinforcement and 
the point for this test in Fig. 6.3(a) lies above the others, apparently 
because of the additional capacity of the reinforcing bars. However, 
the reinforcing bars were included in the calculation of To' so it may 
be concluded that they provide some advantage other than the addition of 
thrust capacity. The presence of reinforcement has a twofold effect on 
the deformability of the specimen. First, the tensile resistance provided 
by the steel reduced the deformation, i.e., curvatures and rotations 
necessary to provide the forces required for equilibrium; this can be 
observed in Figs. 5.37 and 5.38 where the rotation at the north region 
100 
in specimen C7 was more than twice that in C8 for the same thrust and 
passive Ks. Second, the reinforcement distributes the inelastic deforma-
tion to several cracks at the high moment regions instead of one or two 
cracks typical of the unreinforced and fiber-reinforced specimens, thus 
reducing the width and depth of the cracks. In other words, the curvatures 
required to develop the inelastic deformations in the critical section (or 
the rotations in a critical region) are reduced and spread over a greater 
length. Examining the relation between moment, thrust and curvature on 
the curves shown in Figs. 4.10 and 4.12 it can be observed that at advanced 
loading stages the smaller curvatures developed in sections of the conven-
tionally reinforced specimen, for the same thrust val~es, render smaller 
concrete compressive strains and consequently these specimens can sustain 
more external load before the critical section reaches a limiting strain. 
It would appear reasonable to expect greater TulTo ratios for fiber-
reinforced than for unreinforced specimens for the same K , because of the 
s 
tensile resistance provided by the fibers. However, the values of TulTo 
in Table 6.1 show little difference between specimen C4, C5, and C7, and 
any possible beneficial effect of the fiber on the strength of the 
specimens is overshadowed by the data scatter. 
The depth of the compression zone, IIC", at the sections in the 
critical region is indicative of the average section deformation, or 
curvature. This depth of the compression region can be roughly estimated 
if certain assumptions are made. The factor 61 in Ref. 6 (ACI Building 
Code, 1971) relates the depth of the equivalent rectangular stress block 
at ultimate conditions to the depth of the neutral axis from the compression 
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face of the section. It is basically a shape factor and changes with 
concrete strength because the shape of the stress-strain curve for 
concrete changes with strength. The 61 factor is listed in Table 6.1 
(as defined in Ref. 6) for the critical section of each specimen and is 
assumed to apply to steel fiber-reinforced concrete as well as conven-
tional concrete. These factors were used to determine the depths of 
the neutral axis from the compression face of the section at failure 
shown in the table. The steel in both faces of specimen C8 was assumed 
to have yielded in the computations,the tensile force in the concrete 
was neglected, and no reduction in strength was applied to f~. These 
depths are plotted against Ks in Fig. 6.4, and define a definite trend 
with an increasing depth as K increased, i.e., the depth of the compres-
s 
sion region increased with increasing T /T. The curvatures were smaller 
u 0 
as Ks increased. reducing the crack penetration and increasing the size 
of the compressl0n zone. This increased the ability of the sections to 
resist the lar~~r t~rust dictated by external forces without overstressing 
the mater~al. 
The E~'f:: .' ~~e reinforcement at the section on the depth of the 
compreSSlc r :~rF :Jr ~e observed in Fig. 6.4 by comparing specimens C4, 
C5, C7, a~c :~ ~~s~ed \/ith the same K. Specimen C7 with no reinforcement 
s 
failed ~it~ !~t s~al1est c; specimen C8, reinforced with bars, failed with 
the largest c~ a~~ the fiber-reinforced specimens failed with depths of 
the neutral axis between those two. The larger value of c at failure for 
specimen C8, compared to specimens C4, C5, and C7, is reasonable because 
the former failed at a larger T IT. Specimens C4, C5, and C7 failed at 
u 0 
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essentially the same T IT but had calculated c values that differ from 
U 0 
one another more than expected. This scatter is perhaps a consequence 
of some inaccuracy in the assumed value of 61, as the stress-strain curve 
in compression for fiber-reinforced concrete is known to be different 
from unreinforced concrete. 
The ratio of maximum moment at the failure section to the product 
of the thrust at that moment times the radius R of the axis of the section 
M/TR, is shown in Table 6.1 also. This ratio is used by some designers to 
determine a limiting moment capacity of liners with a given thrust, and 
also indicates the relative importance, of the moment as compared to the 
thrust, as it is proportional to the eccentricity. The lowest ratios 
0.027 and 0.029 corresponded to specimens C3 and C6 tested with the highest 
K. The ratios for the other specimens ranged from 0.043 to 0.056, and 
s 
show a strong dependence on Ks and some dependence on reinforcement. 
Roughly, as the specimen was less stiff, as compared to the stiffness of 
the passive forces, the ratio decreased slightly or the moments decreased 
in importance. 
Extending the initial slope of the M-T path for the initially more 
highly stressed sections of the test specimens (see Figs. 5.50, 5.51, 
5.53, 5.54, 5.56, and 5.58) to intersect with the peak moment-thrust 
envelope gives a hypothetical failure thrust Tti " This thrust would 
roughly correspond to the failure thrust obtained if the strength of the 
test specimens had been predicted by a conventional linear analysis that 
accurately predicted the initial linear behavior of the specimen. This 
hypothetical failure thrust would be somewhat larger than a thrust 
predicted in connection with a moment-thrust failure envelope computed 
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with the assumption of strength given by the ACI code, because it would 
predict a more conservative moment envelope than the one based on the 
peaks of the M-¢ curves. Carrying out the procedure outlined above for 
determining the thrust T£i' the following results are obtained: 
Specimen T£i' Tu ' 
Specimen section kips kips T u/T £ i 
C3 176 0 55 243 4.4 
C6 176 0 60 261 4.3 
C4 176 0 25 215 8.6 
C5 356 0 28 262 9.3 
C7 00 23 145 6.3 
C8 40 40 240 6.0 
The ratio of experimental maximum thrust Tu to the hypothetical thrust 
T£i based on "1inear assumptions " gives an indication of the additional 
strength available in the test specimens. This ultimate strength is an 
average of 4.4 times the "1inear strength" for the specimens tested with 
high Ks (specimens C3 and C6), and an average of 7.6 times the linear 
strength for specimens tested with low Ks. If the envelope were drawn 
from the ACI code assumptions these ratios would be larger. 
6.4 MOMENT-THRUST VARIATION 
6.4.1 GENERAL CHARACTERISTICS 
The M-T paths for the sections of larger positive and negative 
moment in all tests are shown in Fig. 6.5 and represent a summary of the 
information already given in Section 5.4.3; the largest moments shown 
were not always at the failure section. Figure 6.5 compares the gross 
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characteristics of the M-T paths of the specimens. 
The initial slope of the paths, or the initial thrust eccentricity 
at the sections, w~s greatly influenced by Ks' The M-T path for 
specimens C3 and C6 tested with high K , started at a steeper slope 
s 
(or smaller thrust eccentricity) than in the other tests; the steepness 
was greater at the negative than at the positive moment sections. The 
M-T paths for sections of positive moment approached their corresponding 
moment-thrust envelopes (the envelopes are shown in Figs. 5.50 and 5.51) 
curving smoothly upwards; the M-T path for the negative moment sections 
were more linear than the former and reached the M-T envelope near the 
balance point. 
The M-T paths of all the critical sections in Fig. 6.5 for specimens 
C4, C5, C7, and C8 with small K , started at a flatter slope than the 
s 
other specimens. The M-T paths of positive moment sections continued in 
various manners, depending on the shape of the M~¢ curves for the section. 
When cracking occurrej at the positive moment sections, the M-T paths for 
the fiber-reinforced and unrei~forced specimens C4, C5 and C7 changed 
direction abrup~ly anj the moment either decreased or remained constant 
for a short lOdd ircr€"rent. The M-T path then changed direction again 
and continued to exter~ approximately parallel to the peak M-T envelope. 
Cracking did not procu:e such a marked effect on the M-T path for the 
conventionally re1nforced specimen C8; the positive moment section 
reached and then followed the peak moment envelope with less abrupt 
changes in direction. This distinct behavior of specimen C8 is related 
to the ductile tension force in the reinforcing bars that resulted in 
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M-¢ curves with a long nearly flat region at their peak as will be 
explained in the next section. 
Nearly all sections of large moments in all specimens experienced 
some decrease in moment at high load levels; this was generally 
associated with heavy crushing at the section. When moment started 
to decrease at a critical section, the thrust was from 75 to 90 percent 
of the maximum load, depending on the specimen. 
6.4.2 THEORY OF MOMENT-THRUST VARIATION 
The characteristics of the M-T path at critical sections in the liner 
model and their relation with various limiting envelopes is closely related 
to the force-deformation properties of that section; i.e., to the inter-
dependence of moment, thrust, and curvature. These characteristics can 
be explained using the M-T-¢ relations for the corresponding specimen 
sections developed in Chapter 4. 
It is assumed in the discussion that follows, unless otherwise stated, 
that in the visibly damaged sections the curvature increased monotonically 
during the test. This was true for the Nand S regions where the rotations 
were measured in all the tests. There were no direct rotation measurements 
at the critical regions with negative moment, but the progressive widening 
of the cracks that were observed and crack width measurements in C7 and 
C8 (Figs. 5.16 and 5.20) would suggest that the curvature always increased 
at those sections. The measured rotations decreased some at the E and W 
regions near failure, but these sections sustained little or no damage 
and behaved approximately elastically; also, their behavior is not critical 
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to the discussion that follows. 
The parameters that affected the magnitude of deformation at the 
critical sections of the specimens, in terms of curvature or rotation, 
were discussed in Section 6.2. For the loading pattern, range of passive 
stiffness, Ks ' and liner stiffnesses used in these tests, the deformation 
of the critical sections was determined primarily by the ability of the 
liner to deform in the E-W directions, or in other words, by the stiffness 
of the passive forces, and to a lesser extent by the stiffness of the 
liner. For a low stiffness, the specimens deformed more and developed 
larger rotations and curvatures in the cardinal regions than for the high 
passive stiffness. The values of thrust at all sections in the specimen 
at a given load is to a large extent independent of K and the stiffness 
s 
of the liner, and a good estimate of its value can be obtained from 
statics and symmetry of the external loads. 
For a particular model test, an approximate rate of curvature 
increase with respect to the applied load at the critical sections can 
be related to Ks; from the variation of curvature and the M-T-¢ charac-
teristics of the critical section, an approximate variation of bending 
moment at that section can be estimated without resorting to a detailed 
analysis. In Fig. 6.6 a set of idealized M-¢ curves for constant thrust 
are shown. The curves do not represent any specific test specimen but 
contain the shape and relevant characteristics of a set of curves for 
a test specimen. Solid curves represent the shapes of moment-curvature 
(M-¢) curves for sections cast with steel-fiber reinforced concrete and 
unreinforced specimens. The curves do not represent the relative 
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magnitude of forces between those materials; unreinforced and steel-
fiber-reinforced concrete would give different moments for the same 
section, but are represented for convenience by the same line in Fig. 
6.6 because the shapes would be similar. Points A on the solid curves 
and points AI on the dashed curves designate the peaks of those curves. 
In Fig. 6.7, the peak moment-thrust (M-T) envelopes, as defined in 
Chapter 4, corresponding to peaks A and AI are shown; the values of the 
envelopes are different, but for convenience they are shown in the 
figure by the same solid curve. 
A residual moment-thrust envelope for points on the solid M-¢ curves 
of Fig. 6.6 for fiber-reinforced and unreinforced concrete is also shown 
in Fig. 6.7. A residual envelope for the dashed M-¢ curves in Fig. 6.6, 
corresponding to conventionally reinforced concrete, is not shown in 
Fig. 6.7. The significance of those envelopes has been di~cussed in 
Chapter 4. The corresponding internal moment-thrust (M-T) and moment-
curvature (M-¢) of representative sections are shown in Figs. 6.6 and 6.7. 
Points on the two figures with the same identifying number correspond to 
the same internal forces and deformation at the section. 
At any stage of loading of the specimen, the values of moment, 
thrust and curvature for the critical section can be represented by a 
point on the set of M-¢ curves in Fig. 6.6. In that set of curves, 
ideally there is one curve for each thrust, giving all the possible 
combinations of moment and curvature that can exist on the section for 
that specific value of thrust. As the active load is increased, and 
consequently the thrust and curvature are increased, a point on those 
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curves representing conditions at the section will move to curves 
corresponding to higher values of thrust. Since the order of magnitude 
of the curvature is greatly influenced by Ks ' and the value of thrust can 
be computed by statics, the value of moment can be obtained from the 
position of the point along the individual curve corresponding to the 
proper value of thrust. 
The M-T and M-¢ paths will be schematically followed in Figs. 6.6 
and 6.7 for the critical sections of three different representative tests. 
The first is labeled path "a" and represents a specimen with a large passive 
stiffness. The curvatures associated with paths "bl! and "bill are similar and 
are much larger than those of path "a" and represent specimens with low Ks' 
At the beginning of the test, the behavior of the critical sections 
are essentially linear and the moment, thrust, and curvature of those 
sections can be represented by points to the left of the peak of the 
corresponding M-¢ curve, such as points la, lb and lb' in Figs. 6.6 and 
6.7. As the load, thrust, and curvature increase, they will be repre-
sented by points on the curves of successively higher thrust such as 
points 2a, 2b and 2b ' . As the loading continues, the paths of the 
points through the M-¢ curves in relation to the peak of the curves 
depend on the magnitude of the rate of change in curvature with respect 
to the applied load, which depends on the values of Ks. Again, for small 
Ks the curvature will increase more when applied load is increased than 
for t.,.';,.,h V II I ':::J II , ..... s· 
After the initial stages of loading, two extreme types of behavior 
can be expected to occur depending on the rate of curvature increase: 
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1) Rate of Curvature Increase is Small (Large Ks) 
If the rate of curvature increase is small, as in tests C3 and C6 
which had large values of K
s
' the path lies to the left of the peak for 
a large range of loading such as points 2a through 7a. For this range 
of curvature the shape of the M-¢ curves is similar for all the test 
specimens, so the moments always increased for increasing values of 
curvature. However, since the peak of the M-¢ curves was not reached in 
this range, and these peaks give the peak moment-thrust envelope of Fig. 
6.6, then the M-T path does not. reach the envelope until the load is high, 
as at point 9a. The moment could decrease before the M-T path in Fig. 6.7 
reaches the envelope, because for point 7a in Fig. 6.6 to move to point 
8a on a M-¢ curve of higher thrust the moment has to decrease as shown in 
Fig. 6.7 by points 8a and 9a. A peak is finally reached (or passed) at 
point 9a so the path reaches the envelope. 
2) Rate of Curvature Increase is Large (Small Ks) 
If the rate of curvature increase is large, as in specimens C4, C5, 
C7, and C8 which had small value of K , then the curvature at the critical 
s 
sections will be larger than those at the peaks of the M-¢ curves even at 
low levels of loading, as for the points beyond 2b and 2b ' on the "b" and 
Ilb" 1 paths in Fig. 6.6. The moments corresponding to those values of 
thrust and curvature past points 2b and 2b ' will vary depending on the 
characteristics of the M-¢ curves beyond the peak, as discussed in 
Chapter 4. 
For plain and fiber-reinforced concrete specimens, the points 
representing the section forces and deformation past the peak will be 
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on the IIres i dua 111 part of the M-<t> curves, such as poi nts 3b through 5b 
in Fig. 6.6, and the corresponding points on the M-T path will be close 
to the residual moment rather than the peak M-T envelope, such as points 
3b through 5b in Fig. 6.7. For the path to reach the residual moment 
range it must pass through the peak of an M-<t> curve as shown by point "e ll 
in Fig. 6.7. This is difficult to measure experimentally, and instrumenta-
tion readings were obtained only before and after this event occurred. 
The formation of a crack while applying a load increment is associated 
with a sharp increase in curvature as shown in Figs. 5.35 and 5.36. This 
sudden curvature increase when the crack forms is large enough to cause 
the curvature to jump suddenly beyond the peak of the M-<t> curve. 
For conventionally reinforced concrete specimens, the M-¢ path in 
Fig. 6.6 for the points past 2b ' are represented by points 3b ' through 
5b ' . For this type of section, the M-¢ curves, represented by dashed 
curves in Fig. 6.6, do not have a peak followed by a flat portion with 
smaller moment, but a flat region at the peak moment. After a curvature 
larger than that at point 2b ' , the points 3b ' through 5b ' in Fig. 6.6 lie 
in nearly flat regions and the moment is almost the same (for a constant 
thrust) for a large range of curvature. In other words, the M-T path 
will follow closely the peak moment-thrust envelope as shown in Fig. 6.7, 
by points 3b ' through 5b ' . 
If a section can sustain large curvatures without failure, the points 
representing the M-<t> path for reinforced (steel bar or fiber) or unrein-
forced specimens may reach positions on the M-¢ curves, where in order to 
move to a curve or higher thrust and for increasing curvature, the moments 
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will have to decrease. This position is represented in Fig. 6.6 by point 
6b for fiber-reinforced and unreinforced concrete specimen, and by point 
6b l for conventionally reinforced concrete specimens. As a result, the 
corresponding M-T path in Fig. 6.7 will leave the M-T envelope (peak or 
residual) and move inside the region bounded by it, because the moments 
are smaller than those of the envelopes. 
For any rate of curvature increase, the structure will sustain load 
until a failure condition is reached at a critical section; such condition 
is represented by points 9a, 6b and 6b l in Figs. 6.6 and 6.7. Depending 
on the characteristics of the M-¢ and M-T paths, a section may not attain 
some of the latter stages of development described above before failure 
occurs. The curvature at a section can increase until the rotational 
capacity is exhausted. Also, the thrust can increase though the moment 
is falling off. The peak thrust shown in Fig. 6.7 depends on a limiting 
compressive strain at the section that probably is not a constant but 
varies with the strain gradient (or curvature) and the physi~al properties 
of the concrete. If the M-¢ path of the section progresses with a small 
rate of curvature increase in Fig. 6.6, the section will be able to sustain 
more thrust before failure than if the curvature increase had been large. 
6.4.3 MOMENT-THRUST VARIATION 
The rotation measurements at some critical areas described in Section 
5.3 can be used to examine the ideas just described, and to gain further 
insight into the M-T variation at the critical sections of the models. 
Those rotations represent a change in angle between sections enclosing a 
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segment of the specimen 12 or 14 in. long, and result from the flexural 
deformations produced by moment along the length of the segment. At any 
stage of loading, those rotations are the integral of the curvatures along 
the segment. In the elastic (uncracked) range, the distribution of the 
curvatures was proportional to the moments. When a crack appeared, the 
magnitude of curvature in a narrow band surrounding the crack increased 
disproportionally in relation to the curvature of adjacent areas, and will 
be called "inelastic curvature ll • For fiber-reinforced and plain concrete, 
this inelastic curvature surrounding a single crack was assumed to be 
uniform and spread over a length of 6 in., in agreement with the procedure 
used to obtain the stress-strain properties for fiber reinforced concrete 
explained in Chapter 3 that were used to calculate the T-M-¢ curves. The 
inelastic curvature and resulting rotation increased as the crack widened, 
and constituted the major portion of the total rotation in the segment. 
The detailed distributon of the inelastic curvature is unknown; an accurate 
evaluation of the distribution is further complicated when several cracks 
occurred in the area and did not have a regular vertical trajectory. If 
the trajectory is not entirely vertical, the inelastic curvature associated 
with that crack may not correspond to a unique section in the specimen. 
To compute an average inelastic curvature (¢2 in Fig. 3.4) at the 
sections of interest, to be used in the examination of section behavior, 
assumptions were made involving the length of distribution (wc in Fig. 3.4) 
and the horizontal position of the crack. Usually a single length of 
distribution of curvature will be assumed for the entire loading range. 
When curvatures were computed for an uncracked condition, the length of 
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distribution was assumed to be equal to the length of the segment on 
which the rotations were measured. 
The assumptions used to obtain an average curvature from the rotation 
measurements are approximate b~t the uncertainties in obtaining the stress-
strain properties, the M-¢ curves, the internal forces, and the rotations 
j themselves do not warrant a highly accurate procedure. Also, greater 
accuracy is not required to support and further explain the behavior of 
critical sections discussed in the preceding section, which is the main 
purpose of the computations that follow. In the remainder of this section 
the reliability of the moments computed in Chapter 5 will be assessed with 
I the aid of a ~ualitative estimate of those same moments obtained from the 
computed average curvatures and the estimated M-¢ curves. Also, greater 
I insight intc the behavior of the section will be obtained from the simul-
taneous comparisor: and observation of the M-T and M-¢ paths of the critical 
sections. 
Specimen C~ 
The ~-~ ar~ V_: behavior of the main critical sections of this specimen 
is represer~J: .~, ~6 the two specimens cast with fiber-reinforced concrete 
and teste~ ~.:~ :~t ~l:her value of K . 
~ s 
Critlca~ '~::-crs occurred at the Nand S regions (Fig. 5.1) where 
rotation rfa{~rp-~~~: were made. The damage in these regions consisted 
mainly of tw: cr~:~s spaced 6 to 8 in. apart that extended continuously 
i 
J along the height of the specimen, and approximately at the edges of the 
load-spreading beams. Heavy crushing occurred opposite those cracks. 
Sections at 4 and 176 deg (edges of Nand S beams) will be examined in 
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the discussion that follows. 
It was assumed that one-half the measured rotation occurred at 
each crack, and that a uniform inelastic curvature was spread over 6 in. 
centered at each crack. Thus, the curvatures for sections 4 and 176 deg 
were obtained by dividing the rotations at Nand S (shown in Fig. 5.33) 
by 12 in. since there were two cracks in each region. 
In Fig. 6.8(a) the M-¢ curves for specimen C3 are presented and the 
computed curvatures and their corresponding thrusts for sections at 4 and 
176 deg are plotted on them. For each combination of curvature and thrust 
there is a corresponding value of moment that can be obtained from the M-¢ 
curves. The moments obtained in this way should -agree qualitatively and 
exhibit the same trends as those of the computed M-T paths for the same 
sections shown in Fig. 6.8(b) (same as Fig. 5.51). 
The M-¢ path in Fig. 6.8(a) obtained from measured rotations, and 
the M-T path in Fig. 6.8(b) obtained from calculations based on measured 
loads and measured locations of inflection points, can be compared simul-
taneously. In Fig. 6.8(a) the M-T path for sections at 4 and 176 deg 
remain to the left of the peaks of the M-¢ curves for most of the test, 
with the curvatures approaching the peak steadily. This means that the 
M-T path for those sections should approach the peak moment envelope but 
not reach it for most of the test. As explained earlier the peak moment 
envelope corresponds to the locus of points representing the peak of the 
M-¢ curves, so the envelope should not be reached until the peak of the 
M-¢ curves was reached in Fig. 6.8(a). Figure 6.8(b) shows the M-T path 
for the section at 176 deg approaching the envelope, but not reaching it; 
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thus the behavior indicated by the rotation measurements is in agreement 
with that calculated from the measured forces and inflection point 
locations. The path for the section at 4 deg lies to the left of that at 
176 deg in Fig. 6.8(a), because the measured rotations were smaller, and 
indicates smaller moment at a given thrust. In Fig. 6.8(b) the M-T path 
also remains to the left of that for the section at 176 deg, also indi-
eating a smaller moment. Thus the qualitative behavior of the two 
sections agree and they both support the explanation of the section 
behavior in the liner model. 
Near failure, the M-T path at 176 deg (nominally the failure section) 
apparently attained its maximum moment at load increment 23 and decreased 
afterwards. This maximum moment is shown in Fig. 6.8(b) in a position 
close to the M-T envelope. However, the moment at load increment 21 may 
be in error, since it departs from the smooth M-T path so it is possible 
that the path at 176 deg actually reached its maximum moment at load 
increment 21. The maximum moment at 176 deg did occur in Fig. 6.8(a) at 
load increment 21 in Fig. 6.8(a). Considering the probable accuracy of 
the computed M-T path (Section 5.4.3.1) and M-¢ curves, and the general 
agreement in the moments from Figs. 6.8(a) and 6.8(b), it is reasonable 
to assume that the M-T path reached the peak moment envelope. The moment 
in Fig. 6.8(b) had to decrease after load increment 23 or 21, because 
that was the only possible way to satisfy the requirements of 
thrust and curvature, as illustrated in Fig. 6.8(a), and thus the peak 
moment is reached at about the same thrust on both curves. 
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Specimen C4 
The behavior of critical sections in this specimen is representative 
of the two cast with steel-fiber reinforcement and tested with the lower 
Ks used. The rotations measured at the Nand S regions and shown in Fig. 
5.35 resulted primarily from a single crack in each region that developed 
along the height of the specimen in an irregular pattern. Before cracking, 
the moment in the segment (12 in. long) where rotations were measured was 
nearly uniform; therefore the rotation between the ends of·the segment was 
assumed to be the integral of a uniform curvature spread over a length of 
12 in. After the crack formed, the total rotation (¢2 in Fig. 3.4) was 
assumed to be spread over 6 in. centered at the crack. Thus the average 
curvatures at Nand S were found by dividing the rotations measured at 
those regions by 12 in. up to load increment 7 (cracking point) and by 
6 in. at larger load increments. 
The average curvatures computed as described are supposed to occur 
at the section w~ere ~he crack occurred. Since the vertical profile of 
the cracks at ~ anj S ~dS irregular (Fig. 5.8), the moment corresponding 
to that crack could ~dwe been assigned, taking for example the south 
crack to the seC~12~~ ~etween 172 and 182 deg. For the purpose of the 
discussion tha: fO"2~~, it is assumed that the cracks were located at 
356 and 176 deg. 1 f .• at the edges of the Nand S load-spreading beams. 
In Fig. 6.9(dJ tne calculated M-¢ curves for the specimen section 
are presented and the computed average curvatures and their corresponding 
thrust during the test are plotted on the same figure for sections at 
356 and 176 deg. In Fig. 6.9(b) (same as Fig. 5.53) the M-T path 
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calculated from the measured inflection points are given for the same 
sections. It is possible to explain the qualitative characteristics of 
the M-T paths in Fig. 6.9(b) with the aid of the M-¢ paths shown in 
Fig. 6.9(a). 
At the beginning of the test and up to about load increment 7, 
the M-T paths (Fig. 6.9(b)) for the 356 and 176 deg sections are nearly 
linear. This is consistent with the characteristics of the M-¢ path 
(Fig. 6.9(a)) for the same load interval, because the path is located in 
the linear (uncracked) region of the M-¢ curves, and consequently the 
moments obtained from the M-¢ path should be approximately linear. From 
load ir.crements 7 to 11 the M-T paths in Fig. 6.9(b) experienced a sudden 
change in direction with nearly zero moment increase as the thrust 
increased. This can be explained from the characteristics of the M-¢ 
path in Fig. 6.9(a). When cracking became visible at those sections 
(356 and 176 deg) at about load increment 8, the curvature started to 
increase at a much larger rate with respect to the applied load, as can 
be seen in Fig. 5.35 where the rotation measurements are shown; the M-¢ 
path in Fig. 6.9(a) abruptly shifted to the right of the peak of the M-¢ 
curves, and the curvatures continued to increase up to about load incre~ 
ment 11 without an increase in the corresponding moment. Thus, the two 
curves are in qualitative agreement. 
After load increment 11, the moment and thrust for both sections in 
Fig. 6.9(b) continued to increase with moments smaller than those for 
the peak M-T envelope but in a trajectory approximately parallel to that 
envelope. This can be explained by the M-¢ path and is associated with 
118 
the residual moment-thrust enveloped explained in Chapter 4. When the 
M-T path in Fig. 6.9(b) reached the peak M-T envelope, it was not detected 
during the test because the peak of the M-¢ curves was passed in a short 
load interval when the curvature abruptly increased as a result of the 
crack formation between increments 7 and 8. The moments corresponding to 
curvatures to the right of the peak are, by definition, less than those at 
the peak for the same value of thrust. It is obvious that a sudden shift 
to the right of the peak will decrease the rate of moment increase or may 
even decrease the absolute value of the moment. How abruptly this change 
in M-T path will be depends on the shape of the M-¢ curves and on the rate 
of curvature increase. This particular post-cracking behavior is more 
evident in the M-T paths for the same sections in specimen C5 (Fig. 5.54). 
After a decrease in moment for curvatures larger than those at the 
peak, the M-¢ curves reached the residual region, where the rate of moment 
decrease for a given curve is much smaller; as the thrust at the critical 
section increased, the corresponding M-¢ curves become more flat. This 
explains the M-T behavior for the sections shown in .Fig. 6.9(b) after load 
increment 11; once the measured average curvatures reached the residual 
region, the moment corresponding to any curvature-thrust combination 
increased as the thrust increased at a steady rate, without abrupt changes 
in the M-T path. If the shape of the M-¢ curves were such that the residual 
region were perfectly flat, it would be possible to construct a unique 
residual M-T envelope and the M-T path of the sections would move along 
that residual envelope. 
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In Fig. 6.9(b) the moments at 356 deg are smaller than those at 
176 deg. This is also consistent with the paths in Fig. 6.9(a) where 
the moments at 356 deg are larger than those at 176 deg for the same 
thrust. Near failure, the M-T paths at 356 and 176 deg in Fig. 6.9(b) 
show a decrease in moment from load increments 23 to 24. This can also 
be explained by the behavior of the M-¢ path in Fig. 6.9(a). For the 
range of curvatures where the moment decreased, the M-¢ curves exhibit a 
rapidly descending branch, and for the M-¢ path to extend to points of 
increasing curvature and thrust, the associated moment had to decrease. 
The decrease in moment just mentioned occurred in the M-¢ path and load 
increment lower than in the M-T path. However, for the range of curva-
tures where that occurred, the shape of the M-¢ curves is somewhat 
uncertain because it is strongly influenced by the descending branch of 
the stress-strain curve. At these large strains, the stress-strain 
curve obtained from cylinder tests may not be strictly valid. A moderate 
change in the shape of the stress-strain curve can retard the beginning 
of the descending branch of the M-¢ curves and consequently can also 
retard the occurrence of the decrease in moment in the M-¢ path of Fig. 
6.9(a). Nevertheless, the characteristics of the M-¢ path are adequate 
to explain the ~echanism responsible for the decrease in moment exhibited 
by the M-T path in Fig. 6.9(b). 
Since no ro:ation measurements were made at the failure region 
(nominally at 285 deg) in specimen C4, only a speculation can be offered 
in regard to the characteristics of the M-T path of that section shown in 
Fig. 6.9(b). Cracking in the failure section was not reached until a load 
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twice that at Nand S, at load increment 10, at a point close to the peak 
M-T envelope. The M-T path up to that point remained almost linear. 
The section must have deformed under a small rate of curvature increase 
with respect to the applied load. Once the curvature reached the peak of 
the M-¢ curve, the section continued to deform at a small rate and the 
curvature remained close to the peak, so the M-T path followed the M-T 
envelope .. When crushing occurred at load increment 20, the curvature 
began to increase at a greater rate. The value of curvature reached the 
descending portion of the M-¢ curves, and the moment was forced to decrease. 
Specimen C7 
This specimen was the only one cast with unreinforced concrete and 
was tested with a Ks of about 100 kips/in. As for the specimens cast with 
fiber-reinforced concrete and tested with the same value of K , the rota-
s 
tions measured at the Nand S regions (Fig. 5.37) resulted primarily from 
a single crack in each region. For the purposes of the discussion that 
follows, the large cracks ~t the Nand S regions are assumed to be located 
at zero and 180 deg, respectively. The rotation at each region is assumed 
to be the integral of a constant curvature over a length of 12 or 6 in. 
centered at the crack before and after the crack occurred, respectively. 
Thus, the average curvature at sections zero and 180 deg were found by 
dividing the rotation measured at the Nand S region by 12 in. up to load 
increment 7 when cracking occurred, and by 6 in. after that load increment. 
In Fig. 6.l0(a) the calculated M-¢ curves for the specimen section 
are presented, and the measured average curvatures and their corresponding 
thrusts for sections at zero and 180 deg are plotted on the figure. 
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The characteristics of the M-¢ curves in Fig. 6.10(a) were discussed in 
Chapter 4. Briefly, for low values of thrust, the peak of the M-¢ 
curves coincide with the curvature at cracking. Also, immediately after 
cracking there is a marked drop in moment and for larger curvature the 
M-¢ curves have a long flat residual moment region. In Fig. 6. lO(b) 
(same as Fig. 5.56), the M-T paths for sections at zero, 75 (nominally 
the failure section) and 180 deg are shown. The peak moment and residual 
moment-thrust envelopes are shown in the figure. 
It is possible to explain the behavior of the M-T paths shown in 
Fig. 6.10(b) using the M-¢ paths shown in Fig. 6.10(a). In Fig. 6.10(b) 
the M-T paths of sections at zero and 180 deg had moments up to load 
increment 7 that were smaller than those for the peak moment-thrust 
envelope (for the same thrust), but larger than those for the residual 
moment envelope. This can be explained by examining the M-¢ path for the 
same sections in Fig. 6.10(b). For the same loading range (up to load 
increment 7) the values of curvature lie to the left of the peak of the 
M-¢ curves (also the cracking point), rendering moments smaller than those 
at the peak of the M-¢ curves but larger than those at the residual moment 
region of the same M-¢ curve. 
Immediately after cracking occurred at both sections (zero and 180 
deg), the moments decreased, as seen in Fig. 6.10(b), and for most of the 
rest of the test the M-T paths very nearly followed the residual moment 
envelope. The reasons for this behavior are better understood by examining 
the corresponding M-¢ paths in Fig. 6.10(a). After cracking at load 
increment 7, the curvatures for the same sections increased to more than 
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three times their former values for a small increment in load (this 
abrupt increase in curvature can be seen in Fig. 5.37). This caused 
the curvatures to jump to the right of the peak of the M-¢ curves so the 
moments became smaller than those at increment 7 because the curvatures 
were on the residual, flat region of the M-¢ curves. The moments corre-
sponding to those curvatures and their corresponding thrusts had the same 
magnitude for a long range of curvatures. This explains why in Fig. 
6.l0(b) the moments at zero and 180 deg have similar values although 
associated with different curvatures, and also explains why the M-T path 
follows the residual M-T envelope. 
Rotations were not measured near the end of the test. However, 
extending the M-¢ path of the section at zero deg to the M-¢ curve for 
T = 145 kips, as shown by the arrow in Fig. 6.l0(a), it appears that the 
curvature approached the range where the M-¢ curves have a descending 
branch. This gave smaller moments than those at the peak or at the 
residual moment region of the M-¢ curve, so near failure in Fig. 6.l0(b) 
the M-T path for the section at zero deg exhibited smaller moments than 
those of the residual envelope. In contrast, extending the M-¢ path for 
the section at 180 deg in Fig. 6.10(a), the curvatures do not appear to 
reach the descending branch of the M-¢ curves, but remained in the 
residual region. This explains why the M-T path of the section at 180 
deg in Fig. 6.10(b) continued to follow the residual M-T envelope until 
the end of the test. 
Rotations were not measured at the failure region (nominally at 
75 deg) so only speculation can be offered concerning the characteristics 
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of the M-T path of that section shown in Fig. 6.10(b). Up to load 
increment 11 the section was uncracked, the curvatures for that section 
remained to the left of the peak of the M-¢ curves (also the cracking 
point), and the M-T path did not reach the peak M-T envelope. When 
cracking was detected at load increment 12, the curvature increased 
abruptly and its value moved to the right of the peak of the M-¢ curves. 
As a consequence, the moment in Fig. 6.10(b) decreased somewhat and the 
M-T path moved toward the residual M-T envelope. As the loading continued, 
the curvatures at the section increased and the M-¢ path in Fig. 6.10(a) 
reached the residual moment region of the M-¢ curves. This was reflected 
in the M-T path in Fig. 6.l0(b), that nearly followed the residual M-T 
envelope between increments 12 and 20. Near failure, the curvature at 
the section increased enough to reach the descending branch of the M-¢ 
curves, and the corresponding moment in Fig. 6.10(b) decreased from 
increment 20 to the end of the test. 
Specimen C8 
This specimen was the only one reinforced with deformed steel bars, 
and was tested with a Ks of about 100 kips/in. Unlike the rest of the 
specimens, cracks occurred in a regular pattern spaced from 4 to 6 in., 
and had an almost vertical trajectory. 
In order to compute an average curvature from the measured rotations 
at the N region, shown in Fig. 5.38, it is necessary to know the length 
of distribution £ of the inelastic curvatures on each side of the load-p 
spreading beam. Examination of Fig. 5.58 shows that the moment condition 
at the face of a connection is similar to the moment condition at the 
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edges of the N load-spreading beam after load increment 12, because the 
M-T path for the edge of the beam reached the peak moment envelope 
(yielding under the N beam began about load increment 10). The value of 
£ for reinforced concrete members subjected to flexure, shear and axial p 
loads is uncertain in spite of considerable research in the area. 
Reference 13 (Park and Pau1ay, 1975, Section 6.6.4) provides a survey of 
empirical expressions for £p at the face of a beam-column connection 
where the ultimate moment has been reached. Those expressions give an 
absolute minimum value of O.25d for £ , or 1.2 in. for specimen C8. p 
parameter1allis the effective depth of the member. Assuming an £ of 
P 
The 
1.2 in. at each side of the N beam gives a total length of distribution 
of 10.4 in. for the plastic curvatures that occurred around the N beam. 
On the other hand, the total length of distribution cannot be larger 
than the length in which the rotations were measured, or 13.8 in. for 
this case. The average of those quantities, about 12 in., was selected 
for the computation of an average curvature, which is the same length of 
distribution assumed for specimen C3. Thus, the curvatures at the 4 deg 
section (also at the zero deg section) were found by dividing the 
measured rotation shown in Fig. 5.38 by 12 in. 
In Fig. 6.11(a) the set of M-¢ curves for the specimen are presented. 
These curves are based on compressive stress-strain properties for uncon-
fined concrete, as discussed in Chapter 4. The M-¢ path for the section 
at 4 deg has been plotted in Fig. 6.11(a) using the values of curvature 
obtained as explained above. In Fig. 6.11(b) (same as Fig. 5.58) the M-T 
paths at zero, 4 and 285 (nominally the failure section) deg are shown. 
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The M-T peak moment envelope for unconfined concrete is shown in solid 
lines. Also shown are the yield M-T envelope, and a peak moment envelope 
for confined concrete (estimated in Chapter 4) intended to apply only to 
the M-T path at zero deg. 
The characteristics of the M-T path of the section at 4 deg in Fig. 
6.ll(b) can be explained in terms of the characteristics of the M-¢ path 
of that section shown in Fig. 6.11(a). The first reliable location of the 
inflection points was obtained at load increment 5, when the load-rotation 
curve in Fig. 5.38 shows a change in slope that would indicate that the 
section had passed cracking. This is in agreement with the position of 
the M-¢ path at ioad increment 5, to the right of the curvature at cracking 
in the M-~ curves. The M-T path reached the yield moment envelope at about 
load incremen: 10; the M-¢ path appears to indicate yielding at a load 
slightly 10wer or at about load increment 9. Also, a sudden change in 
slope occurre1 In the load-rotation relationship in Fig. 5.38 at load 
incremen~ l r ~~'Ch indicates yielding of the section. After load increment 
12, the M-7 ~~:~ reached the peak M-T envelope and continued along it to 
i ncremen t ~;: -~f :urvatures from load increments 12 to 15 are represented 
by points ~r ~ ... , rf'cH":j flat region of the M-¢ curves; consequently, the' 
moment corn .. ;."~1n; to the curvature-thrust combination will be similar 
to the pea~ n'-~~:~ of the M-¢ curves; that is, the M-T path in Fig. 6.l1(b) 
will follow :",t ;f'a~. M-T envelope. 
After load increment 15 the moment of the M-T path at 4 deg shown in 
Fig. 6.1l(b), decreased until the end of the test. This seems to occur 
also on the M-¢ path in Fig. 6.1l(a). To satisfy the increase in curvature 
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from increments 15 to 19 and to reach the appropriate M-¢ curve of 
higher thrust, the configuration of the curves is such that the moment 
associated with that curvature and thrust had to decrease. 
The moments for the section at zero deg, shown in Fig. 6.l1(b), 
exceeded those of the peak M-T envelope for unconfined concrete by a 
considerable amount. Actually, the envelope that corresponds to that 
section is the peak M-T envelope for confined concrete that was discussed 
in Chapter 4 and shown in Fig. 6.1l(b). This envelope includes the effect 
of confinement of the concrete by the load-spreading beam on the stress-
strain properties of the concrete. The beneficial effect of confinement 
explains why crushing occurred at the edge of the beam and not under it, 
where the the moments were up to 23 percent larger than those at the edge. 
Compared to that envelope, the M-T path at zero deg exhibited moments 
within acceptable bounds; also, the behavior of the path with respect to 
the confined peak M-T envelope is similar to that of the path at 4 deg 
with respect to the unconfined peak envelope. 
The M-T path for the failure region at approximately 285 deg is 
also presented in Fig. 6.l1(b). Since no rotations were measured at that 
region, a detailed explanation of the behavior of the path is not possible. 
However, the existence of a nearly flat region in the M-¢ curves (for the 
thrust levels experienced in the test) makes the M-T behavior more predict-
able than that of the preceding specimens. The characteristics of the M=T 
and M-¢ path were similar to those at 4 deg; the M-T path approached the 
envelope at a smaller rate of curvature increase and thus cracking and 
yielding were reached at a larger thrust. Once yielding was attained, the 
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M-¢ path was in the nearly flat region of the M-¢ curves in Fig. 6.1l(a), 
and the corresponding moments in the M-T path were similar to those of 
the peak M-T envelope for unconfined concrete. The M-T path continued 
along the peak M-T envelope until the magnitude of curvature was such 
that the moment began to decrease because of reasons explained earlier. 
6.5 FAILURE MECHANISM AT A SECTION 
The failure section for each test were described in Section 5.2. 
Three different failure mechanisms occurred, and will be discussed in 
this section. 
(1) Specimens C3 and C6 
The failure regions for specimens C3 and C6, tested with high 
passive stiffness, are shown in Figs. 6.12(a) and 6.12(b), respectively. 
In both tests, two well-defined flexural cracks, marked 1 and 2 in the 
figures, opened more than the other hairline cracks in the area, but 
remained rather narrow, and through the entire test did not penetrate 
into the section thickness more than 3 in. Crushing, marked 3 in the 
figures, occurred opposite the cracks with deeper penetration, marked 2 
in the figures, and finally the section failed suddenly along the diagonal 
surface 4; the failure surface made an angle of 25 to 30 deg with the 
section axis. Before failure, crushing had penetrated well into the 
compression zone of the section. The failure surface in both specimens 
extended into an area of positive shear (see Fig. 5.47 for a qualitative 
shear diagram). The orientation of the failure surface was consistent 
with the direction dictated by the sign of the shear. 
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(2) Specimens C4, C5, and C7 
The failure regions for specimens C4, C5, and C7, tested with low 
passive stiffness, are shown in Fig. 6.l3(a). At the critical sections, 
a single flexural crack occurred first and opened more and penetrated 
deeper into the section than in the mechanism described in (l) above; 
the crack penetrated as much as 4.5 in. to the point marked 1 in Fig. 
6.l3(a). At a load 35 and 40 percent of the ultimate for specimens C4 
and C5, respectively, and 24 percent of the ultimate for specimen C7, 
the crack continued diagonally (as crack 2 in Fig. 6.l3{a) at an angle 
of 20 to 25 deg with the section axis. At a still higher load, crushing 
(marked 3 in Fig. 6.l3(a)) occurred at the tip of the diagonal crack. 
When crushing had penetrated the full depth of the compression zone, 
the flexural crack, by this time at least 1/4 in. wide, started to close, 
with a sudden and visible spalling and shortening of the compression zone 
(marked 4 in Fig. c.13(a)). The closing was gradual in some tests and 
sudden in others. 7nese events occurred at 90 and 76 percent of the 
ultimate load for s:p:l~ens C4 and C5, respectively. The crushing in 
specimen C7 (mdr~e~ 2 In Fig. 6.l3{a)) occurred at essentially the 
ultimate load. 
As a result c f :rf c:osing of the crack in the areas marked 5 and 
6 in Fig. 6.13(a~. ~edrln~ developed across the previously open crack, 
and after an additlondl increment in loading (given in Tables 5.2 and 
5.3) the section failed through a diagonal surface, marked 7 in Fig. 
6.13(a), as a result of the thrust across crack 6. The inclination and 
location of the diagonal surface varied in the specimens and probably 
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depended on the distribution of the bearing forces developed across 
the cracks after closing. 
(3) Specimen C8 
The failure region for specimen C8, tested with low passive stiffness, 
is shown in Fig. 6.l3(b). Tensile cracking occurred first at the critical 
region, marked 1 and 3 in Fig. 6.l3(b), and the crack marked 1 widened 
more than the others. Moderate diagonal cracking began in the secondary 
cracks 2 at about 50 percent of the failure load; however, the main crack 
1 did not show diagonal cracking. Crushing next occurred opposite crack 
at 92 percent of the ultimate load, followed by spa1ling and exposure of 
the compression bars (marked 3); finally, these bars buckled, the crack 
closed and the outer tension bars also buckled as the region shortened. 
No surface of sliding was formed as in the mechanisms described above. 
Almost all the cracks that opened a great deal in the failure region 
of all tests occurred near sections of calculated zero shear, and the 
shear at those cracks remained small throughout the test. An exception 
was specimen C3, where the original crack occurred at a section of high 
shear. A shear diagram for specimen C3 is not presented but the shape of 
it is similar to the shear diagram for specimen C8 in Fig. 5.47. 
The diagonal cracking in regions of low shear appears inconsistent 
with no diagonal cracking at a region of high shear in specimen C3. 
However, Ref. 14 (Mattock, 1969) reported that the initiation of diagonal 
cracking, as a continuation of a flexural crack (including axial load 
effects), is influenced by the depth of penetration of the original 
flexural crack. The shear required to cause diagonal cracking is greatly 
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increased by an axial compressive force, but if the penetration of the 
original flexural crack is large enough, as in the specimens tested with 
low passive stiffness, the crack will propagate diagonally. Although the 
shear was high at the section with the crack marked 1 in Fig. 6.12, it 
did not penetrate deep enough to develop diagonal cracking, because the 
larger passive stiffness reduced the curvatures at the critical sections, 
and thus the crack did not widen or penetrate as in the specimens tested 
with low Ks. 
The crack pattern at the failure region of specimen CB, shown in 
Fig. 6.13(b), illustrates the relation between crack penetration, shear 
and diagonal cracking. The crack marked 1 remained perpendicular to the 
section axis as it was near the section of maximum moment and of zero shear. 
The shear increased with opposite sign in each direction from 1, so the 
secondary cracks 2, about 6 to B in. on each side of crack 1, developed 
a moderate diagonal trajectory with the cracks inclined in the direction 
given by the sign of the shear. These diagonal cracks did not penetrate 
into the crushed zone opposite the main perperrdicular crack. 
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The active loads at the onset of diagonal cracking for specimens l 
C4, C5 and C7 tested with low Ks were well below the ultimate load. A 
detrimental effect of the diagonal cracking in reducing the compression 
zone and thus reducing the strength of the section is possible, but an l 
evaluation of that effect was not attempted. Diagonal cracking was not 
involved in the failure mechanisms of specimens C3, C6 and CB. r 
Failure of all the specimens was preceded by crushing of concrete 
in the failure region; crushing was first detected at various times during L._ 
F-
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loading as shown below: 
Percent of ultimate 
Ks ' load when crushing 
Specimen first observed kips/in. Reinforcement 
C3 89 250 fiber 
C6 94 250 fiber 
C4 82 100 fiber 
C5 57 100 fiber 
C7 100 100 none 
C8 92 100 bars 
r With the exception of specimen C7, crushing warned of approaching failure . 
• 
In specimen C8 the section had spal1ed considerably before failure and 
exposed the compression bars. In specimens C4 and C5 there were second 
.. 
t· 
warnings of failure when the compression zone shorted as the flexural 
~ 
cracks closed at 90 and 76 percent of the failure loads, respectively; 
after this event some strength still remained as the load was then 
resisted by the ability of the fiber-reinforced concrete to resist the 
1 
·1 splitting stresses across the potential failuresurface. This second 
mechanism to resist load was not available in specimen C7 because the 
unreinforced concrete did not have the strength to resist the forces 
across the ~oter.tial failure surface. 
Average strains on a 12 to 14 in. gage length, or slightly more than 
twice the dep~h of the member, can be calculated from the measurements 
made of the relative rotations between the ends of segments of the 
specimen at the cardinal locations, reported in Section 5.2. The region 
where those rotations were determined do not correspond to the failure 
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region except for specimen C3, but the regions at Nand S experienced 
crushing in some specimens and in some instances these regions were 
very near failure when the specimen failed at other locations. Average 
compressive strains for the test specimens at load increments near 
failure and when crushing was first detected are reported in Table 6.2. 
Those strains represent an average on a rather long gage length, for a 
region of large moment gradient, and a region that includes concrete 
of different stiffnesses (confined and unconfined); consequently, the 
maximum strain in that gage length probably was substantially higher 
than the average values reported in Table 6.2, so these values should 
probably be viewed at lower bounds. The average compressive strain 
near failure for all the test specimens except C4 and C7 (see footnotes 
in Table 6.2) ranged from 0.008 to 0.024. The average compressive 
strains when crushing was first detected for all test specimens except 
C5 and C7 (see footnotes in Table 6.2) were from 0.0043 to 0.0054 with 
an average of 0.0047. 
Observation of cylinders tested to obtain the stress-strain curves 
for the concrete described in Chapter 3 revealed that crushing did not 
become visible until the peak of the stress-strain curve was passed. 
This is in agreement with the lower bound values reported in Table 6.2. 
It was also observed in these cylinder tests that concrete disintegration 
occurred at large strains. Assuming that the ultimate compressive strain 
at the failure section of the liner test specimens was the same as the 
magnitude at disintegration in the cylinder tests, the specimens, with 
the possible exception of the unreinforced specimen C7, experienced 
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compressive strains well beyond that at the peak of the stress-strain 
curve. This qualitative observation is also in agreement with the lower 
bound values of strain for loads near failure reported in Table 6.2. 
7.1 PURPOSE AND SCOPE 
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CHAPTER 7 
ANALYSIS OF TUNNEL LINERS 
In an earlier work on the structural behavior of tunnel liners 
reported in Ref. 2 (Paul, et al., 1974), it was found that an adequate 
analysis to failure of the tunnel liner specimens must account for the 
nonlinear characteristics of the stress-strain curves for the concrete 
(including cracking) and steel (including strain-hardening), the charge 
in geometry of the specimen and include a deformable resisting mechanism 
as part of the boundary conditions. A finite-element technique that takes 
advantage of the special characteristics of tunnel liners is an economical 
way to develop an analysis that will have the capabilities desired. The 
specimens can be analyzed as planar structures; that is, all the deforma-
tion and/or forces occur in a plane perpendicular to the longitudinal 
specimen axis. Also, the thickness-radius ratio is small so the specimen 
can be regarded as a thin-arch or frame type structure where plane sections 
can be assumed to remain plane after bending and shear strains can be 
neglected. Consequently, the liner specimens can be modeled as a series 
of one-dimensional beam-elements in the circumferential direction, as 
opposed to a model using two-dimensional elements where the thickness of 
liner would be divided into several layers of elements, which could 
increase greatly the computational effort. Moreover, since bending is 
the most important source of deformation, a beam-element represents the 
behavior of the liners well. 
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A number of general-purpose, nonlinear finite-element programs 
with a variety of elements are commercially ."".,,';1 ",h1,... UVUIIUUIC:. However, ::1+ +ho u. \" "'II\... 
time this research was initiated, there was no program available that had 
all the requirements necessary to analyze the liner specimens. Either they 
did not consider large deformations, did not have an adequate beam-element 
capable of representing reinforced concrete, or did not have the ability 
to handle a stress-strain curve for concrete and steel sufficiently general 
to predict the complex characteristics of the structural behavior near 
failure. In particular, the absence of the capability to represent the 
descending branch of a concrete compressive stress-strain curve was an 
important drawback. This capability is necessary to reproduce the moment 
decay under increasing thrust experienced near failure at critical sections 
in the specimen. Thus, the descending branch is necessary to prevent an 
overestimate of load capacity that occurs when the material is modeled 
with an elasto-plastic stress-strain curve, which is available in some 
commercial programs. The additional ductility provided by the plastic 
part of the curve when an elasto-plastic stress-strain curve is used 
allows the M-T path of critical sections to extend further along the M-T 
failure envelope, thus increasing the predicted strength of the specimen. 
It was also considered that none of the readily available programs could 
easily be modified to meet the requirements for this analysis. 
The task of developing a finite-element computer analysis was then 
undertaken. Several finite-element studies concerning frame and/or arch 
type structures, such as the liner models, are reported in Refs. 15 
(Blaauwendraad, 1972) and 16 (Aldstedt and Bergan, 1974) among others. 
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Although the numerical examples reported in those studies were restricted 
to simple reinforced concrete beam-columns and arches, the characteristics 
of the individual finite-element used appeared to be appropriate to model 
the liner specimen. The formulation of the beam-element in Ref, 16 is 
particularly attractive because of its relative simplicity and ability to 
handle physical and geometrical nonlinearities. 
In this section an analysis method is developed that is capable of 
predicting the behavior to failure of monotonically loaded·, planar, thin, 
concrete (reinforced or unreinforced) frames, arches and rings, interacting 
with a deformable nonlinear resisting mechanism. Material nonlinearities 
and large deformation of the structure are considered. 
The method can take into account any shape of concrete stress-strain 
curves, including descending branches in tension and compression,and 
stress-drops and cut-offs in tension. Also any shape of stress-strain 
curve for the reinforcing bars, including strain-hardening, may be used. 
The resisting mechanism is represented by one-dimensional springs with 
nonlinear load-deformation characteristics. Several springs with different 
orientations and properties can be attached to the same node. This 
provides additional capabilities in future research where shear action 
between the tunnel liner and the medium can be modeled by springs tangent 
to the liner. 
7.2 FINITE-ELEMENT PROCEDURE 
7.2.1 THEORETICAL FORMULATION 
The basic steps to be followed in the formation of the analysis can 
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be found in various sources such as Ref. 17 (Desai and Abel, 1972). A 
brief summary of the formulation based on Ref. 17 will follow. 
In the finite-element method the continuum is discretized by a 
collection of finite elements. Attention is then concentrated on one of 
the individual elements. In the "displacement-model" used here, the 
displacement field {u} in the element is specified in the form of 
displacement functions written in terms of the displacements (degrees 
of freedom) at the nodes of the element 
{u} = [N] {d} (7.1) 
where {u} = vector of displacements at any point in the element 
[N] = matrix of displacements or shape functions 
{d~ = vector of element nodal displacements. 
With the dis~'acement field defined within the element, the strain-
displacement relations in the element are also expressed in terms of the 
where 
{s} = [S] {d} 
~fc~or of strains at any point of the element 
~d~riX obtained by proper differentiation of the 
c's;lacement 
(7.2) 
The s:res~ ve:tor {oJ is related to the strain vector {s} through 
a constitu:lve la~ expressed by the [0] matrix. Thus 
{ o} = [ 0] {s}. (7 . 3) 
The matrix [0] is a function of the state of strain for nonlinear problems. 
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The next step is to establish the conditions of equilibrium and the 
incremental force-displacement relationship for an element, in terms of 
the virtual work principle. One way to obtain those relationships for a 
one-dimensional element is given in Ref. 16, and a brief summary is given 
below. For further details of the derivation the reader may refer to 
Ref. 16. 
A local Cartesian coordinate system is attached to the element (see 
Fig. 7.1) so that the 'X' axis pa~ses through the end nodal points, This 
coordinate system follows the element during deformation and on the local 
element level the deformations and thus the strains are assumed small. 
The conditions of equilibrium for an element loaded only at the nodes by 
the vector of forces {f}, in terms of the principle of virtual forces, 
is given by 
where 
f crosdV - {od}T{f} = a 
v 
o = stress in the 'X' direction 
v = volume of the element 
od = virtual displacement 
os = virtual strain corresponding to virtual displacement. 
(7.4) 
Equation 7.4 establishes an energy equivalence between the virtual work 
of the nodal forces and the internal forces in the element. With the state 
of strain and corresponding state of stress in an element known, the 
equilibrating nodal forces {f} can be computed. 
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By considering the equilibrium of an element that has displaced 
from one deformed configuration to another, the incremental (also called 
tangent) force-displacement relationship may be obtained from the 
following linearized incremental form of the virtual work principle, 
J ~aoEdV + J( ao~sdV - {od}T{~f} = 0 V V (7.5) 
where ~ denotes the increment of quantities between the two configurations. 
Equation 7.5 includes material and geometrical nonlinearities. 
After evaluation of Eq. 7.5 for the particular element, the resulting 
force-displacement relationship can also be expressed symbolically as 
[k] {d} = {f} (7.6) 
where [k] tangent stiffness matrix of the element in local coordinates 
{d} = vector of element nodal displacements in local coordinates 
{f} = vector of element nodal forces in local coordinates. 
The force-displacement relations for the overall structure are obtained 
after transformation and proper summation of all the stiffness matrices for 
all the elements. After accounting for the boundary conditions the result 
of the summation is 
where 
{F} = [K] {U} (7.7) 
{F}, {U} = vectors of forces and displacement respectively 
at the joints of the structure in global coordinates 
[K] tangent stiffness matrix of the structure of n x n 
size, n being the total number of joint displacements 
or degrees of freedom. 
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Equation 7.7 represents a set of linear, algebraic, simultaneous 
equations, the solution of which gives the structure nodal displacements 
{U}. Using compatibility of displacements and after a coordinate trans-
formation, element nodal displacements {d} in local coordinates are 
obtained. Substitution of {d} into Eqs. 7.2 and 7.3 renders the element 
strains {s}, and stresses {a}. Evaluation of Eq. 7.4 with these known 
stresses yields the element nodal forces {f}. 
7.2.2 FINITE-ELEMENTS USED IN THE ANALYSIS 
Two finite-elements were used in the analysis, a one-dimensional 
beam element for the liner and an extensional spring-element for the 
resisting mechanism. The beam-element was developed in Ref. 16 using a 
displacement model, and the following discussion of that element is based 
on that reference. 
A typical bean element of length L is shown in Fig. 7.1. It has one 
node at each end. dnd one node at mid-length. A local Cartesian coordinate 
system passing tr,ro.J~~ the end nodes is attached to the element. The IIXIl 
axis passes throu;~ th~ plastic centroid of the cross sections, and the 
IIZII axis co;nC:1des \lit' th tr,e principal axis of the cross section. This 
coordinate sys!.er • :lo ... s the element during deformation of the structure. 
Each end node hd~ t~r~~ degrees of freedom; one displacement in the axial 
direction ("x'· Clrect1on), one displacement perpendicular to the II XII axis 
(IIZII direction), and one rotation in the "XZ" plane. The middle has one 
displacement degree of freedom in the axial direction CIX" direction). 
The axial displacement along the "X" axis is defined by 
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Uo = [NuJ {u} (7.8) 
where ~ = x/L 
[N ] = [1-~, ~, 4(1-~)] u (7.9) 
u1 
{u} = u2 (7.10) 
u3 
The use of the internal degree of freedom u3 at mid-length in Fig. 7.1 
renders a parabolic distribution of the axial displacement, and therefore 
the strain due to axial displacement is of the same degree as the strain 
due to flexure. Thus, u3 represents the offset from a linear variation 
of axial displacement between the end nodes. 
The lateral displacement of the element in the flZII direction 
is defined by 
where 
[Nw] = 
{w} = 
and 
{d} = 
[1 - 3 ~2 + 2 ~3 , 
r~ I 
8, 
:: j 
{~} 
w 
w = [N ] {w} 
.v 
_L~(1_~)2, l-3(1-~)2+2(1-~)3, L~2(1_~)] 
(7.11) 
(7.12) 
(7.13) 
(7.14) 
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Adopting Navier's hypothesis that plane sections remain plane after 
bending and defining lIu'"as the axial displacement at any point in the 
cross section, the strain at an arbitrary point within the beam element 
is given by 
_ du'_ 
E: - dx - [Nj{u} - zeN ]{w} U,x W,xx (7.15) 
The comma denotes differentiation by the variable following it, and a 
double letter denotes double differentiation. Shear deformations are 
neglected in this model. 
Assuming that forces are applied only at the nodal points, the element 
.. --.... 
equilibrium equation is obtained by substitution of Eq. 7.15 to Eq. 7.4, 
and the result is 
(7.16) 
where {f} = vector of nodal forces 
{fu} = vector of the nodal forces f l , f2' f3 in the axial direction 
{fw} vector of the nodal forces sl' ml , s2' m2 at the ends of the 
element resulting from bending in the element 
o = stress in the element at the current state of strain 
v = volume of the element 
The relation between the increment of axial stress and strain ;s 
given by the equation 
(7.17) 
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The incremental force-displacement relationship also called tangent 
stiffness, is obtained by substituting Eqs. 7.15 and 7.17 into Eq. 7.5, 
and is gi yen by 
it [NT N T N~ ,xx 1 -zN [k] = E u,x u,x u,x dv t symmetrical z2NT W,xx W,xx 
+ Tt [~ 0 Nw,J dX] NT (7.18) W,x 
where Et is the tangent modulus of the stress-strain curve ~t the current 
strain, and T is the axial force on the element cross section. The 
incremental force-displacement relationship is then given by 
{~;~} = [k] {~~} (7.19) 
The second term in Eq. (7.18) is the geometric contribution to the tangent 
stiffness matrix of the element. This contribution is similar to the 
moment magr.ification produced by an axial force in a beam-column. When· 
the length of the element is small compared to the depth of the cross 
section, that term can be neglected without altering the outcome of the 
computations. This was done in the numerical examples presented in 
Section 7.3. 
The spring-element used in the analysis is a one-dimensional element 
with one extensional degree-of-freedom in the direction of the element at 
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the end where it is attached to the structure. The other end of the 
element cannot displace. The force-displacement relationship for the 
spring-element is given by 
where 
fs = k 0 s s 
f = force in the spring-element in the direction of the 
s element orientation 
ks = tangent to the force-displacement relationship of the 
spring-element corresponding to the current state of 
deformation 
(7.20) 
Ds = displacement of the end of the spring-element attached to 
the structure in the direction of the element orientation 
7.2.3 NUMERICAL SOLUTION OF NONLINEAR PROBLEMS 
When the structure to be analyzed is nonlinear, the solution of Eq. 
7.7 requires special iterative techniques. A discussion of the various 
techniques available can be found in Ref. 17. 
The incremental-iterative or mixed procedure for solving nonlinear 
problems was used for the analysis method developed in this chapter. The 
total load is subdivided into small partial loads or increments, and the 
load is applied one increment at a time. The response of the structure 
to each increment is computed by an iterative procedure. For the first 
iteration after the load increment is applied, the structure is assumed 
linear. Equation 7.7 is then solved for an increment in displacements 
{~U} to be added to the total displacements from the beginning of the 
loading process. When the member end forces are computed using these 
displacements, equilibrium at the structure nodes is not necessarily 
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satisfied because of the approximate value of [K], and some unbalanced 
forces remain at the nodes. The structure is loaded with those unbalanced 
forces in the next iteration to compute additional increments in displace-
ments. This process is repeated until equilibrium is approximated to some 
acceptable degree. 
The overall procedure is shown graphically in Fig. 7.2. In matrix 
form the procedure may be described by 
where [k]. = , 
{t,U}~ = , 
{R}j-l 
I 
[k]. {t,U} ~ = {R} j - 1 
1 1 
(7.21) 
The tangent stiffness matrix of the structure for increment 
i, generally computed at the end of the previous load 
increment; it is the tangent to the curve in Fig. 7.2 at 
point Pi-l. This is obtained by summation after coordinate 
transformation of all the stiffness matrices given by Eq. 
7.18 (and all ks if any), which are evaluated by numerical 
integration. The matrix [k] may be recomputed at any 
iteration, if needed, 
The vector of increments in displacements for load increment 
i and iteration j. This vector is added to the vector of 
total displacements {U}, 
The vector of unbalanced forces acting on the structure 
joints (the negative of the member end forces), computed 
from the previous iteration, j-l, by summation after coordi-
nate transformation of the forces given by Eq. 7.16, 
evaluated by numerical integration for all the elements 
(and all fs if any). 
In the analysis developed in this chapter Eq. 7.7 was solved using Gauss's 
elimination process pivoting on the diagonal. 
Large deformations of the structure are taken into account in the 
solution process by updating the coordinates of the structure joints 
every time a new increment in displacements is computed. In other words, 
equilibrium at the structure joints is always checked at the current 
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state of deformation. The geometric nonlinearities in this analysis 
method are taken into account in the continuously changing transformation 
matrices betweel local and global coordinates for forces and displacements. 
The structure is loaded in increments until the maximum load capacity 
is reached; as this maximum load is approached, the load increments are 
made smaller to make convergence possible. Failure is predicted when the 
forces in the structure can no longer balance an additional load increment 
however small, so equilibrium is never achieved. Since this numerical 
procedure is carried out in a computer, failure is predicted when the 
unbalanced forces at a joint do not progressively decrease in the intera-
tive process, on the application of a sufficiently small load increment. 
In general, after the first one or two iterations, the iterative 
procedure converged monotonically. However, when the tensile strength 
of concrete in a specimen having a small percentage of bar reinforcement 
was considered, special precautions had to be taken to attain convergence. 
In those specimens, if concrete cracked on the application of a lriad 
increment, the unbalanced forces began to increase progressively; as the 
number of iterations increased from 10 to 15, the unbalanced forces 
attained a maximum value and then started to decrease monotonically and 
converged at 20 to 25 iterations. If the stiffness matrix was updated 
while the unbalanced forces were on the increasing trend, the situation 
became worse and the process eventually diverged. When the unbalanced 
forces were decreas;ng~ updating of the stiffness matrix speeded up the 
convergence procedure. This behavior of the unbalanced forces is believed 
to be associated with the sudden, but temporary, moment decrease observed 
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in the M-¢ curve of a lightly reinforced concrete section such as those 
shown in Fig. 4.12 when cracking occurs. It is anticipated that these 
problems will be less severe for sections with higher steel percentages, 
where the moment decrease is not observed. When the tensile strength of 
concrete was assumed zero, convergence problems associated with cracking 
did not occur, and convergence developed normally. 
7.2.4 MATERIAL PROPERTIES 
The analysis method described in this chapter permits use of a 
general nonlinear stress-strain curve for both the concrete and reinforce-
ment and the materials are assumed to be bonded together. A unique rela-
tionship between stress and strain is assumed. The stress-strain curve is 
described by a discrete number of points, and linear interpolation is 
performed between the discrete points as shown in Fig. 7.3(a), in which 
tensile properties shown are those applicable for steel-fiber-reinforced 
concrete. The number of discrete points is selected by the user. 
Two different ways to represent the tangent modulus, Et , needed in 
Eq. 7.18 were investigated. The first, shown in Fig. 7.3(b), is suggested 
in some literature; the values of the modulus at the discrete points are 
given as input data (presumably corresponding to a tangent to the real 
continuous curve at the discrete point); for any strain value, linear 
interpolation is performed between the discrete points to obtain the 
modulus. With this approach, the solution with this analysis program did 
not converge beyond the load where the M-T path at critical sections in 
the liner specimen reached the M-T failure envelope (see discussion in 
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Section 6.4.3). In the second approach, shown in Fig. 7.3(c), a constant 
value of Et is used between discrete points on the stress-strain curve. 
This value is the slope of the stress-strain curve between the, points and 
may be negative. With this approach, the solution progressed normally 
until the maximum load was reached. 
7.2.5 NUMERICAL INTEGRATION 
The integrals in Eq. 7.16 and 7.18 must be evaluated by some numerical 
integration scheme. Since all the defonnation takes place in the "XZ " 
plane, the volume integrals are reduced to surface integrals by factoring 
the constant width of the beam-element, "b", outside, the integral sign. 
The functions under the integral sign are evaluated at discrete points 
along the IIZII and II X" axes and then they are integrated numerically, first 
in the "ZII direction and then in the "Xll direction. 
To integrate in the IIZII direction the functions under the integral 
are evaluated at selected cross sections in the. II XII direction, and the 
results are essentially 0 and Et profiles, such as those in Figs. 7.3(a) 
and 7.3(c), obtained from the known linear strain profile and multiplied 
by a parameter that is a function of IIXII and/or liZ". Those profiles are 
then integrated numerically using linear interpolation between discrete 
points. The results at each section are thus discrete points to be 
integrated numerically along the IIX" axis. 
In the axial direction ("Xll axis) two integration schemes were 
investigated. A Gaussian scheme with three or five integration points 
and a Simpson scheme with three integration points, two at the ends of 
; 
.. 
f 
i 
L 
[ 
[ 
[ 
f 
[ 
t 
[ 
1 
-} 
1 
1 
I 
J 
I 
I 
I 
1 
] 
i 
J 
149 
the element and one at mid-length. In the former scheme the integration 
points were never located at the end of the elements. Both schemes gave 
acceptable internal forces in the structure for the examples presented in 
Section 7.3. 
The end forces of the element computed by Eq. 7.16 are the forces 
with the same virtual work as that done by the internal forces in the 
element (external work = internal work); computation of the internal work 
involves integration of quantities that are a function of the internal 
forces (moment and thrust) at the integration points along the IIXII axis. 
Those forces are obtained from the state of strain at the integration 
points. The agreement between the element-end "energy forces" and those 
obtained from the state of strain at the element ends is exact only when 
the structure behaves linearly, but the disagreement increases as the 
material nonlinearity (cracking, yielding) increases. For the few 
numerical examples performed in Section 7.3 it would -appear that Simpson1s 
integration along the "Xli axis gives better agreement between "energy 
forces" and forces computed directly from strains. This is perhaps a 
consequence of the fact that the end of the elements are integration 
points in Simpson's scheme as opposed to Gauss's scheme where the ends 
of the element are not included in the integration process. No definite 
conclusions can be drawn, however, because the two integration schemes 
were not compared on the same finite-element model. 
7.2.6 CONVERGENCE CRITERIA 
Two criteria were used to establish convergence of the iterative 
procedure: one based on displacement and the other based on the magnitude 
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of the unbalanced forces. The basic parameter is the square root of the 
squares, or root sum squares (RSS) of suitable quantities, and is defined 
as: 
RSS (a) = (L: a~) 1/2 
. 1 
1 
where Ita It is the appropriate parameter. This criterion is similar to the 
one used in Ref. 18 (Darwin and Pecknold, 1974). 
To establish a displacement convergence criterion the following 
quantities were computed: 
RSSUl = The RSS of the total u and w joint displacements corresponding 
to the end-nodes of the elements 
RSSU2 = The RSS of the total displacements of the middle node of the 
elements 
RSSU3 = The RSS of the total rotation of the structure joints 
RSS6Ul = The RSS of the change in u and w joint· displacements 
since the beginning of the current load increment 
RSS6U2 The RSS of the change in displacement of the middle nodes 
of the elements since the beginning of the current load 
increment 
RSSLU3 = The RSS of the change in rotation of the structure joints 
since the beginning of the current load increment 
RSS6U4 = The RSS of the change in u and w joint displacements for 
the last iteration 
RSS6U5 = The RSS of the change in displacement of the middle node 
of the elements for the last iteration 
RSS6U6 = The RSS of the change in rotation of the structure joints 
for the last iteration 
Convergence of the displacements was attained when all the·following 
inequalities were satisfied: 
....,.. 
) 
f·'· 
~\ 
L 
r 
l 
r 
~ 
L 
l 
I 
f 
L.. 
; 
i 
L 
{ 
t 
l 
RSS6U4 5 
RSS6Ul ~ 100 
RSS6U5 < 5 
RSS6U2 100 
RSS6U6 5 
RSS6U3 ~ 100 
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RSS6U4 1 
RSSUl ~ 100 
RSS6U5 1 
RSSU2 ~ 100 (7.22) 
RSS6U6 1 
RSSU3 ~ TOO 
To establish a force convergence criterion, the following quantities 
were computed: 
RSSF = The RSS of the unbalanced forces (excluding moments) 
at the structure joints for the last iteration 
RSSM = The RSS of the unbalanced moments at the structure joints 
MAXFOR = Current maximum force (excluding moments) computed at 
the element nodes 
MAXMOM = Current maximum moment computed at the element nodes 
UFMAX = (MAXFOR2 x displacement N.D.F.)1/2 
UMMAX : (~~XMOM2 x rotational N.D.F.)1/2 
where N.D.F. is the number of degrees of freedom. Convergence of the 
forces was a:~d'~e~ when the following inequalities were satisfied: 
RSSF 
U F~A)- ~ 
R~S~ 
UM~;.5 . 
(7.23) 
The res~'!s o:tained using these criteria were good. In general the 
force requ'rf~~r~S governed convergence although only a few additional 
iterations were re~~ired beyond the one in which the displacement criterion 
was met. 
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7.3 NUMERICAL EXAMPLES 
7.3.1 GENERAL REMARKS 
In this section, the ability of the finite-element analysis developed 
in the preceding section to predict the liner specimen behavior is assessed. 
To that end, numerical analyses of two of the specimen tests are compared 
with the experimental results presented in Chapter 5. Emphasis is placed 
on evaluating the ability of the finite-element procedure to reproduce the 
principal behavioral characteristics exhibited by the model tests. Also, 
the effects of some parameters involved in the analyses are investigated. 
The subroutines that compute member nodal forces and nodal displace-
ments were checked by computing a moment-curvature curve for a constant 
thrust on a single element. A thrust was applied at the ends of the 
element and held constant while equal end moments were incrementally 
increased, and the member displacements and strains were computed (for 
this case the curvatures are constant in the member). The M-¢ curve 
obtained in that way was compared with an M-¢ curve obtained from another 
computer program designed specifically to compute M-¢ curves for rein-
forced concrete sections, and excellent agreement was obtained. 
Three numerical examples are presented and compared with experimental 
results. They correspond to different finite-element meshes and different 
material properties, but represent test specimens having the same radius, 
height and thickness as that in Fig. 2.1 and the same loading pattern as 
that shown in Fig. 2.2(a). All the specimen tests were modeled assuming 
that they behaved entirely symmetrically along the E-W and N-S axis, and 
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only a quarter of the liner was included in the finite-element model. 
Specimen C8 behaved more symmetrically than the others and thus conformed 
better to these assumptions. 
The first example is a soluti,on for a liner model with elasto-plastic 
material properties, strength similar to that of specimen C6, and two 
different mesh sizes. These problems with a simple idealization of the 
actual material properties were selected to check the computer implementa-
tion of the analysis procedure. 
The second and third numerical examples were two different representa-
tions of test C8 using different material properties and finite-element 
meshes. The experimental internal forces in specimen C8, obtained from 
the position of the inflection points, were more smooth, symmetrical, and 
reliable than for the other specimens, because of the presence of the bar 
reinforcement; therefore, greater emphasis is placed on the analysis of 
this specimen. Also, the material properties of specimen C8, reinforced 
with conventional deformed bars, are the most difficult to model, because 
it contained two different material stress-strain curves, one for the 
concrete and another for the steel bars. Moreover, specimen C8 contained 
all the possible complications in material behavior, such as cracking and 
crushing of the concrete and yielding and strain-hardening of the steel 
bars. Variation of the internal forces (M-T path) of specimen C8 also 
exhibited extensive moment redistribution, especially near failure. Thus 
it may be assumed that if the finite-element model can reproduce the 
behavior of specimen C8, it will also be adequate for simpler cases. 
The second example is a quarter of the liner with a coarse mesh of 
finite elements and the loads considered concentrated rather than 
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distributed as shown in Fig. 2.2(a). The third example is a quarter of 
the liner with a finer finite-element mesh and the loads considered 
distributed. 
7.3.2 ELASTO-PLASTIC REPRESENTATION OF TEST C6 
The behavior of specimen C6 was assumed symmetrical about the N-S 
and E-W axes and idealized as· a quarter of a circle as shown in Fig. 
7.4(a). The north and west supports in the analytical model were free 
to displace in the radial directions but were not allowed to rotate, and 
concentrated radial loads were applied at 30-deg intervals. Two different 
meshes were used to represent the geometry of specimen C6, with the same 
material properties in each case. The finer mesh is shown in Fig. 7.4(a) 
and consisted of a total of 14 elements; 6 elements were used for the 
upper 30 degree segment where more cracking was expected, and 4 elements 
for the two remaining 30 degree segments. The coarser mesh is shown in 
Fig. 7.4(b), with 9 equal-length elements, 3 elements for each 30-deg 
segment. The material stress-strain curves for the elements for both 
meshes were elasto-plastic in compression and tension as shown in Fig. 7.5; 
a plastic compressive stress of 2400 psi, corresponding to the reported 
f' for specimen C6, and a maximum tensile stress of 400 psi, corresponding 
c 
to a stress somewhat larger than the reported splitting tension stress were 
used. The passive springs in Fig. 7.4 were given a linear stiffness Ks 
of 250 kips/in. 
The average active load P vs. N-S. diameter change curve for both 
finite-element meshes (the diameter change is obtained as twice the north 
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deflection) are compared with the experimental results in Fig. 7.5. As 
expected for a finite-element solution the finer grid in Fig. 7.4(a) gave 
a more flexible behavior than the coarser grid in Fig. 7.4(b). Good 
agreement is obtained between the experimental results and the results of 
the solution using finer grid, although the numerical solution predicts 
a final load and deflection larger than the experimental values. The 
analytical load-deflection curves for both meshes flattened appreciably 
as the maximum load was approached; this was the expected behavior for the 
elasto-plastic stress-strain curve used in the analysis. The behavior of 
the analytical load-deformation curves showed that the computer solution 
gave the proper trends and peak load and deformation within appropriate 
bounds when compared with the experimental results. 
The close agreement over most of the loading range between the 
experimental and analytical load-deformation behavior for this simple 
representation of the material properties may be attributed to the 
following: a) Specimen C6 experienced little cracking and only in 
localized regions, crushing appeared only near failure, and the diameter 
changes were sma 11. In other words, the amount of nonl inearity (material 
. J 
and geometrical) was small, and most of the specimen was stressed only in 
the elastic range of the stress-strain curve. b) The experimental behavior 
discussed in Section 6.2 showed that the deformation of the specimen was 
more sensitive to the value of passive stiffness than to the stiffness of 
the specimen. 
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7.3.3 SIMPLE MODEL OF TEST C8 
A preliminary analysis of specimen C8 was conducted using the finer 
finite-element mesh for one-quarter of the specimen (shown in Fig. 7.4(a)), 
and the concentrated loading and boundary conditions described in the 
preceding section for the elasto-plastic solution of specimen C6. The 
stiffness of the passive linear springs were 100 kips/in. The following 
material properties were assumed for all the beam-elements. The unconfined 
compression stress-strain curve shown in Fig. 3.1 for the concrete in 
specimen C8 was modified so that the peak stress matched the cylinder 
strength of f' = 4600 psi (given in Table 2.1), and the stress along the 
c 
curve was adjusted in the same proportion. Zero -tensile strength was 
assumed for the concrete. The small variation in liner stiffness that the 
tensile stress can cause has little influence on the. load deformation 
characteristics of the specimen, or on the internal forces of the specimen. 
The stress-strain properties for the reinforcing bars were those of 
Fig. 3.9. 
The active load P vs. N-S diameter change curve for the finite-
element solution is compared with the experimental curve in Fig. 7.6. 
The analysis predicts a maximum load 10 percent smaller than the experi-
mental maximum (129 kips) at load increment 17, and a deformation at 
maximum load 7 percent larger than the experimental value (4.44 in.). 
The analytical and experimenta1 M-T paths at critical sections are 
compared in Fig. 7.7. Since symmetry about the N-S and E-W axes is assumed, 
anyone of the four quadrants of the experimental moment diagram in Fig. 
5.57 could have been selected for comparison. The quadrant in which 
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failure occurred in the test was selected, and the section at 285 deg 
(failure section) and zero degrees have been used for comparison in Fig. 
7.7. The experimental moment diagram showed a fair degree of symmetry as 
shown in Figs. 5.57 and 5.58. The analytical and experimental M-T paths 
agree well up to the load at which the analysis predicts failure at a 
thrust 14 percent smaller than the experimental thrust. The M-T path at 
zero degrees predicted by the analysis gives moments about 13 percent 
larger than the experimental moments up to a thrust of about 110 kips, 
and the moment begins to decrease at a thrust 20 percent smaller than in 
the test. A more refined finite-element model described in the next 
section showed that spreading the concentrated loads over the width of 
the load-spreading beams reduced somewhat the analytical moments in those 
regions. Also, if the concrete under the load-spreading beams was given 
larger strength than that between the loads, the moments started to 
decrease at a larger thrust than before, and consequently increased the 
predicted failure load so that the agreement was better. 
7.3.4 REFINED MODEL OF TEST C8 
A more refined finite-element representation of specimen C8 is shown 
in Fig. 7.8. Again symmetry about the N-S and E-W axes was assumed and 
the specimen was idealized as a quarter of a circle with the same boundary 
conditions as those described in Section 7.3.2. The concrete under each 
of the 8-in. wide load-spreading beams was represented by two or three 
equal-length elements (only one-half of the beam was represented at Nand 
W) and the active loads were represented by concentrated loads applied at 
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the end nodes of those elements. Uniform contact pressure was assumed, 
and the magnitude of the concentrated loads (see Fig. 7.8) was taken equal 
to its tributary uniform load. The passive forces were represented by 
springs at each passive force location attached to the end nodes of the 
corresponding elements under the load-spreading beam and were given linear 
properties corresponding to a total stiffness of 100 kips/in. This total 
stiffness was divided among the springs (see Fig. 7.8) at each passive 
loading point proportional to the uniform load tributary to the spring. 
The segments of specimen between loads were represented by 7 equal-length 
elements, making a total of 31 finite-elements for the model. 
The tensile strength of the concrete was assumed to be zero, and the 
reinforcing steel properties were those of Fig. 3.9 for all elements. The 
effect of confinement of the concrete by the load-spreading beams was 
included in the stress-strain curve for the elements under those beams by 
increasing the maximum stress and flattening the descending branch of the 
curve. An estimate of that curve is shown in Fig. 7.8; it was constructed 
as explained in Section 3.2. The resulting curve has a maximum stress 
f' of 6750 psi while f' was 4600 psi. The compressive stress-strain 
cc c 
curve for the remaining elements is also shown in Fig. 7.8 and is the same 
curve as that used for the simpler model described in the preceding section, 
except for the slope of the descending branch of the curve. Since the 
analytical results for the last 10 percent of the loading range, in 
particular the rate of moment decay at critical sections, showed a sensi-
tivity to the slope of the descending branch of the compressive stress-
strain curve for the concrete, an attempt was made to obtain a more 
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realistic value of that slope. It is known that the slope flattens as 
the rate of strain in the concrete is decreased (see Section 3.2), and 
the slope used in this model was selected accordingly. Slopes of the 
descending branch of about 250 ksi were measured in cylinder tests (see 
) -6 Section 3.2 for strain rates of about 6 x 10 in./in./sec. A slope of 
155 ksi was considered appropriate to represent the test of specimen C8 
where a strain rate roughly one-fifth as great was estimated by a 
procedure discussed in Section 4.2.5. 
The active load P vs. N-S diameter change for the rinite-element 
solution is compared with the experimental curve in Fig. 7.9. The agree-
ment between the curves is better than that obtained with the simpler 
finite-element representation of specimen C8 described in the preceding 
section. The analytical curve follows the experimental curve closely up 
to load increment 15 (97 percent of the maximum load), and beyond this 
load the predicted deformations are smaller than the experimental ones. 
Finally, the analysis predicts a maximum load and a deformation at maximum 
load 7 and 8 percent greater than the experimental values, respectively. 
This finite-element model overestimated the strength of the liner, as 
opposed to the simpler one that underestimated it. 
The measured relative rotation between ends of a segment of the 
specimen 13.8 in. long, described in Section 5.2, are compared with the 
analysis in Fig. 7.10 where the active load vs. segment rotations at the 
north region are shown. The same degree of agreement as for the load-
deformation curves was obtained. The analytical curve follows the 
experimental curve up to about load increment 15 at 93 percent of the 
maximum load, and the analysis predicts smaller rotations than the 
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experimental ones beyond this load. However, the predicted and experi-
mental maximum rotations are the same. 
The analytical and experimental M-T paths for the section at 285 
(failure section), 4 (the analytical moments at 4 and 356 degrees are the 
same) and zero degrees are compared in Fig. 7.11. The agreement is 
excellent for all M-T paths up to about load increment 15 in the experiment. 
After load increment 15 the measured moments decrease under increasing 
thrust at all three sections. This behavior is predicted by the analysis 
at the failure section where the agreement between predicted and measured 
M-T paths is good up to the maximum load. At sections 356 and zero degrees 
the analytical moments continued to increase beyond load increment 15, and 
started to decrease only just prior to failure. 
In the analysis the variation of concrete compressive strains at the 
failure section was smooth, and large differences in strains between the 
common end of adjacent elements did not develop up to a thrust in the 
analysis of about 210 kips (roughly corresponding to load increment 15 in 
the test). Beyond this point in the computations, the strains increased 
very rapidly and strain concentrations and large strain differences between 
adjacent elements developed. At a thrust of 210 kips, strains of about 
0.010 were computed at the failure section, and correlate well with the 
extensive damage observed in the test at that thrust. The computed compres-
sive strains at zero degrees under the N load-spreading beam reached a 
maximum value in the analysis of about 0.05 at maximum load. Since the 
concrete in that region had much larger ductility than the unconfined 
concrete, that order of magnitude of strain is possible, and not 
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inconsistent with the absence of observed crushing at that region. The 
variation of the compressive strain in the concrete at 356 degrees, at 
the west edge of the N load-spreading beam (in the analysis both edges 
had the same strains) was less smooth than in the failure section, and 
large differences in strain in adjacent elements developed beyond a thrust 
of about 170 kips. This was expected because two elements of appreciably 
different stress-strain properties are joined at the edge of the load-
spreading beam. The maximum compressive concrete strains computed at the 
edge of the beam were in the neighborhood of 0.0025, somewhat smaller than 
would correspond to the spa11ing observed at that section during the test. 
The analysis predicts yielding of the tensile steel at thrusts of about 
110 and 50 kips at the failure and zero degree sections, respectively; 
these thrusts agree with the observations in which the experimental M-T 
paths for those sections reached the yield envelope in Fig. 5.58. 
A comparison of the experimental and analytical moment diagrams at 
different loading stages is shown in Fig. 7,12. The diagrams are compared 
near first yielding of the steel at P = 44 kips (increment 10) in Fig. 
7.l2(a) and at P = 120 kips (increment 15) in Fig. 7.l2(b) when spa11ing 
was observed at critical sections. Up to the latter load, which was 93 
percent of the experimental maximum load, the agreement between experimental 
and analytical moment distribution is excellent. The two moment diagrams 
are compared at the experimental maximum load of 128.7 kips in Fig. 7.12(c); 
some differences are observed in the area of positive moment, but the 
overall agreement is still acceptable. The experimental moment diagram 
at the maximum experimental load, and the analytical diagram at the maximum 
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predicted load (7 percent higher) are compared in Fig. 7.l2(d). The 
overall agreement has improved somewhat, in particular in the east region. 
7.3.5 DISCUSSION OF PREDICTED BEHAVIOR 
An analysis of specimen C6 using simple e1asto-plastic material 
properties was performed. Two different rather simple finite-element 
meshes were used. A comparison between the analytical and experimental 
load-defonmation curves showed the computer solution to give the required 
trends and results within appropriate bounds. 
Two different finite-element models were used to predict the 
structural behavior of specimen C8. In the first and simpler model, a 
small number of elements was used, the external loads that were distributed 
in the test over an arc length of 8 in. were represented as concentrated 
loads, and the stress-strain curve for unconfined concrete was used for 
all the elements. In the second more refined model, a larger number of 
elements was used, the loads were distributed over an arc length of 8 in., 
the confinement of the concrete under the load-spreading beams was 
considered, and the slow strain rate in the experiment was taken into 
account by flattening the descending branch of the compressive stress-
strain curve of the concrete. 
The simpler model of specimen C8 overestimated the deformations at 
advanced levels of loading and predicted a smaller maximum load than 
occurred in the test. In the experiment, the failure region and the 
north region (and the corresponding symmetrical sections) experienced 
critical inelastic strains resulting in decaying moment under increasing 
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thrust; the analysis predicted these events only at the N section, where 
eventually it predicted failure. For the refined model, the predicted 
load-deformation response improved considerably, but the maximum load 
was overestimated and critical deformations accompanied by moment decay 
occurred this time only at the failure region. 
The major causes of the different behavior in the two models were 
the different representations of the loading and material properties. 
Up to load increment 11, in the range where the nonlinearity is small, 
the load-deformation did not vary appreciably from one model to another. 
The predicted moments decreased somewhat at the zero deg section in the 
refined model, a consequence of spreading the load in that region. 
Beyond load increment 11, approximately when yielding occurred, the 
predicted load-deformation in the simple model increasingly departed from 
the experimental curve, unlike the refined model for which the predicted 
curve continu~d to follow the experimental curve more closely. In the 
simple model. t~e state of strain at the zero-deg section reached the 
critical ycl~€s. those beyond which the moment had to decrease, at a 
smaller t~r~'~ t~dn in the test. This section eventually failed in the 
analysis "H~ ~t<:lOr. 7.2.3 for failure definition) before the actual 
failure se:t1~r dt 285 deg reached the critical state of strain where 
moments CE':c.' ;' :'",(, analysis. This predicted behavior near failure was 
improved lr. ~~~. re+ined model; the greater strength and ductility of the 
concrete providec at the north region under the load-spreading beam 
allowed the deformations in that region to increase without losing 
moment or failing, thus increasing the load capacity of the specimen 
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and enabling the failure (285 deg) section to deform more, to lose 
moment, and to fail. The smaller length of beam-elements in the refined 
model probably contributed to the ability of that model to predict more 
closely the characteristics of the variation of internal forces near 
failure. 
A more accurate prediction of the experimental behavior of specimen 
C8 with the refined model would be possible by assuming concrete proper-
ties for the elements under the load-spreading beams somewhere between 
those of the simple and the refined models described above, since the 
ductility of those elements appeared to be too large in the refined 
model. Another change that would probably improve the agreement would 
be to assume a narrower length of distribution of the applied external 
forces. Such refinements do not appear to be warranted, however, in 
view of the uncertainties involved in the computation of the experimental 
moments (see Section 5.4.3), in the modeling of the material properties 
of the specimen, and in the assumption of symmetry in the analytical 
model. The agreement between experimental and predicted load-deformation 
and internal forces is excellent up to 93 percent of the maximum experi-
mental load at a stage where the specimen has sustained considerable 
damage and could be considered to have failed. Any additional strength 
beyond that stage appears to be sensitive to the characteristics of the 
descending branch of the stress-strain curve of the concrete, and this 
part of the curve is difficult to determine. 
A more accurate prediction of the behavior of specimen C8, through 
the manipulation of the analytical model would add little to the under-
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standing of the structural behavior of tunnel liners because the confine-
ment of concrete and distribution of external load may be different than 
in the test. The ability of the analytical model to reproduce the main 
characteristics of the behavior such as load-deformation, moment-thrust 
path, yielding of the steel, concrete crushing and moment decay has been 
established, however . 
8. 1 SUMMARY OF RESEARCH 
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CHAPTER 8 
SUMMARY AND CONCLUSIONS 
The object of this research was to investigate the basic structural 
behavior of concrete tunnel liners tested to failure with load patterns 
that simulated typical ground loadings. The simulation was accomplished 
by the application of "passive forces ll near the springlines of the models 
with controlled load-deformation curves. The passive load-deformation 
curves were made linear with a stiffness designated Ks. 
The experimental program resulted in basic information about the 
strength, deformation, internal forces and failure mechanism at a section 
for the liner models. Considerable effort in the research was directed 
to the determination of internal forces in the test specimens (Section 
5.4), and to the understanding of those basic features of the behavior 
that are relatively 1nsensitive to the accuracy of representation of 
actual tunnel;n,; cc~~i!.ions. Among those features were the load-
deformation (M-:~ C~drdcteristics of sections (Chapter 4), variation of 
internal forces (~-~ raths) in the test specimens, and the manner in 
which this varld~lor .as related to the sectional load-deformation 
characteristics ~Sp:~lon 6.4). To determine the sectional load-
deformation charac~erlstiCSj the stress-strain curves for concrete were 
investigated (Chapter 3); this study included a separate experimental 
and analytical investigation of the stress-strain characteristics of 
fiber-reinforced concrete. 
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A computer analysis based on the finite~element method, capable of 
analyzing the test specimens and actual concrete tunnel liners interacting 
with a nonlinear resisting mechanism was developed. The performance of 
different finite-element meshes combined with different stress-strain 
curves for the elements was assessed with the aid of the experimental data, 
and an adequate finite-element representation was achieved. The computer 
analysis is then a reliable analytical tool that can be used to investi-
gate the behavior of a variety of liner types under more realistic loading 
and boundary conditions; to study such a wide range of parameters on an 
experimental basis would be too lengthy and uneconomical. 
Six specimens were tested in this investigation with the geometry 
shown in Fig. 2.1 and the loading arrangement of Fig. 2.2. The main 
variables investigated were stiffness of the passive forces Ks and type 
of reinforcement of the specimens. Some results of a test conducted 
with a specimen (reported in Ref. 2) twice as along as that shown in Fig. 
2.1, but subjected to a similar loading arrangement, were also used in 
this study. 
8.2 SUMMARY OF BEHAVIOR 
Load Deformation 
The load-deformation curves in the active load (N-S) direction were 
nonlinear, "softening" smoothly as failure was approached. The amount 
of nonlinearity increased as Kc decreased. No sharp breaks, as the one 
oJ 
generally obtained for yielding of the bars in frame structures, were 
observed in the curves. A plateau before failure only occurred in some 
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specimens tested with small Ks ' and it was short. The stiffness of the 
combined specimen-passive forces system in the active load direction K , 
a 
was largely influenced by K
s
' because the deflection due to ovaling was 
a major component of the total deflection (another source of deflection 
results from axial shortening). 
change in Ka of 2.07. 
Variation of Internal Forces 
A change in K of 2.5 resulted in a 
s 
The moment-thrust (M-T) paths for sections of the specimens, plotted 
on a M-T interaction diagram started with an initially linear trajectory; 
as the specimens cracked and inelastic behavior began, the M-T paths 
curved upward and redistribution of moments began. When the M-T path at 
critical sections reached the peak M-T envelope, the specimen did not fail, 
as would be assumed if inelastic behavior had been ignored. The sections 
were able to resist additional load by further redistributing moments to 
less stressed sections, and the M-T path continued to follow the envelope. 
Failure was preceded in all specimens except the unreinforced specimen C7 
by a decrease in moment at the critical section that resulted in the path 
leaving the envelope and traveling toward the thrust axis. 
The characteristics of the M-T paths, including the mechanism that 
allowed the M-T paths to follow the M-T envelope and to leave that 
envelope and turn toward the thrust axis at a latter stage, were rationally 
and consistently explained. It was shown that these M-T path characteris-
tics depend on the shapes of the M-¢ curves at constant thrust and the 
path can be predicted if the M-¢ curves are known. It was also found that 
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the M-T path near failure, and consequently the maximum load, is rather 
sensitive to the descending branch of the compressive stress-strain curve. 
Failure Mechanism at a Section 
Damage started at the failure sections of the test specimens as 
flexural cracks. The final penetration was about 2 to 3 in. for large 
K and 4 to 5 in. for small K. Crushing occurred opposite the cracks; 
s s 
in general it started at about 80 to 90 percent of the failure load, 
and progressed rapidly until failure of the specimen. In some specimens 
reinforced with steel fiber, the original compression .zone collapsed, 
the crack closed, and when stability was reestablished, the zone in 
compression was deeper and additional load could be resisted. In all 
specimens except the one reinforced with bars failure occurred on a 
diagonal surface. The specimen reinforced with bars failed by crushing 
of concrete in the compressive zone and-buckling of the compression bars. 
Failure may be regarded to occur when the concrete reaches a limiting 
compressive strain. This strain is probably dependent on the concrete 
type, reinforcement and crack penetration; in the liner model tests 
reported here lower bound values of that limiting strain were found to 
range from 0.008 to 0.024. 
Strength 
The relative strength of the liner models, given by the dimensionless 
ratio of thrusts T /T , was dramatically influenced by K. The relative 
u 0 s 
strength of the specimen tests with larger Ks was considerably larger 
than that of the specimens tested with the lower Ks. The percentage of 
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thrust capacity developed at failure increased from about 16 to 50 
percent when K increased from 100 to 250 kips/in. or a factor of 3.1 
s 
in thrust increase for a factor of 2.5 increase in K. The reinforce-
s 
ment of randomly oriented steel-fiber did not increase the relative 
T IT of the test specimens, while the addition of conventional rein-
u 0 
forcement of steel bars resulted in a 46 percent increase in relative 
strength for a Ks of 100 kips/in. The nonlinear structural behavior of 
the test specimens provided an increase in strength over a hypothetical 
linear specimen on the order of 400 and 800 percent for high and low K , 
s 
respectively. 
Ks largely controlled the amount of ovaling that the specimens 
experienced, and thus largely determined the rate of curvature increase 
with respect to the applied load (or thrust)' at the critical sections. 
This rate determined how fast a critical strain was reached at the 
failure section; thus, the specimens with higher Ks (small rate of 
curvature increase) failed at smaller curvatures and at a higher Tu/To 
ratio. The limiting strain was reached at curvature larger than the 
peak of the M-¢ curves in the specimen that failed at smaller T /T 
u 0 
ratio, and it was reached at curvatures near the peak of the M-¢ curves 
in the specimens that failed near the balance point at a larger Tu/To 
rati o. 
The inclination at which the M-T path at the critical sections 
approached the peak moment-thrust envelope was also largely determined 
by Ks. For small Ks the M-T of the critical sections reached the M-T 
envelope at a low thrust; however, failure did not occur because that 
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point on the M-T envelope corresponded to a rather small compressive 
strain. The liner model could sustain more thrust and the M-T path 
followed the M-T envelope (peak or residual). The curvature increased 
at a large rate, the limiting strain was approached rapidly, and 
failure of the section occurred· at low Tu/To. 
When K was large the M-T path of the critical sections reached 
s 
the M-T envelope at a high thrust and a high compressive strain; conse-
quently the additional thrust that the section could resist when the 
moment-thrust path followed the envelope was smaller than for smaller 
Ks' Nevertheless the section failed at a larger Tu/To' 
8.3 CONCLUSIONS 
The strength of a liner model is not obtained by the intersection of 
the M-T path of the critical section obtained from a linear analysis, with 
the moment-thrust failure envelope for the section. Nonlinear behavior 
allows the model to redistribute moments, thus substantially increasing 
its load capacity beyond that point of intersection, sometimes several 
times. However, this additional strength is gained at the expense of 
extensive damage, particularly if the M-T path of the critical section 
approached the envelope well below the balance point. 
In the experimental work in this research cracking occurred at 
lower levels in the loading history of the models. In the specimens 
tested with lower Ks ' the cracks widened considerably, and at about 
one-half the ultimate load, cracks were on the order of 0.1 in. wide, 
except in the specimen reinforced with bars where they were about 
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one-half that width. Extensive crushing also occurred in the tests 
during the last 20 percent of the loading history. The wide cracks 
that occurred in some models. is a factor to be considered in the 
performance of tunnel liners; if the serviceability requirements are 
stringent, the total strength of the liner may not be utilized in design. 
The passive forces on a liner model, created when the springlines 
deflect outward and interact with a resisting mechanism, have a decisive 
influence on the ovaling experienced by' the model, which in turn largely 
influences moments and curvatures at critical sections. Since the 
strength and deformation of a model are inversely related to moments and 
curvatures, the magnitude and consequently the stiffness of the passive 
forces is a principal factor influencing the strength and deflection. 
The strength of a model may be increased several times if the stiffness 
of the passive forces are increased. 
No sudden and large deflections in the models warned of an eminent 
failure, and therefore the load-deformation behavior was not ductile in 
the traditional sense. The deflections of the models near failure are 
somewhat dependent on the testing procedure, however, and with a different 
testing arrangement, the ductility of the models may have been different. 
With the exception of the unreinforced specimen, some reserve of strength 
existed in the models after crushing had occurred, and some warning of 
failure was provided by the observation of the progress of crushing. 
Reinforcing bars increased the strength relative to the other models 
with the same Ks ' and distributed cracking, so there was a larger number 
with smaller width. Randomly oriented steel fibers did not seem to 
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increase the relative strength of the models, but the mechanism of 
failure was somewhat more ductile than for the unreinforced ones, in 
the sense that there was some strength reserve in the former case after 
crushing occurred. 
The finite-element program developed in this study was able to 
adequately predict the ultimate load and deformation of the models, and 
to accurately predict the internal forces for most of the loading range. 
The program can be used in a more thorough parametric study to investigate 
the structural response of tunnel liners under realistic loading conditions 
and a variety of liner geometries and materials. 
The experimental results of this investigation seem to indicate 
that failure may be considered to occur when an ultimate limiting 
compressive strain is reached at the critical section. Observation of 
the damage at the failure section of the liner model specimens indicate 
that this limiting strain is substantially larger than the one prescribed 
by the current ACI Code; the experimental results gave lower bounds for 
the strain at ultimate load of from 0.008 to 0.024. A better determina-
tion of this limiting strain requires further research, but there is no 
assurance that a single value could be determined for all possible strain 
profiles in a liner. However, an accurate determination' of a strain at 
ultimate load is perhaps not necessary for design, since such a strain 
is preceded by extensive deterioration of the structure; an ultimate 
strength based on a more reliable lower bound strain is perhaps advisable. 
The understanding of the structural behavior of tunnel liners 
obtained from this experimental and analytical research will be useful 
174 
in determining realistic failure and cracking load levels that may lead 
to the establishment of rational standards of performance for strength 
and serviceability. 
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TABLE 2.1 
STANDARD PROPERTIES OF HARDENED CONCRETE 
Splitting I nit i a 1 Mo d u 1 u s Initial modulus Most reliable Initial modulus 
Cor,;pressive Modulus of tensile o f e 1 as t i ci ty , of e 1 as tic i ty , initiRl modulus at elasticity 
strength, rupture, strength .. E, frbnicylin- E, from beams, of elasticity, from ACI form-
Specimen f ~, ps i f r' ps i f sp ' psi ders, Ksi Ksi E, Ks i mul a, Ks i 
Cl 1600 
C3 2200 500 265 1520 1520 2580 
C6 2400 610 340 1720 1700 1700 2680 
C4 6700 855 765 3000 3200 3200 4760 ........, ........, 
C5 7600 850 795 3100 3400 3400 5150 
C7 4500 780 540 3000 3000 3760 
C8 4600 650 455 3000 3000 3800 
., ~'\I'fIt 
TABLE 3.1 
SUMMARY OF FLEXURAL STRENGTH 
BEam 
spec; I:-ien 
r"odult.;s cd rlJ;JtJre. f*r"' fur individual -II -;'J(~l_ll~S of r~pture, -f* ~or-r rl 
__ ~~()_'~t5 __ 0f __ f!)_.I!' ___ .t"\'\<'1 J'~_' _______ ---J orlglnal 601n. beam, PSl II Stfandatrd mOdUf 1US;! :'1 t' '(~n I ~ 0 rup ure, ) 
1 <. t 
.\' " 1 ) r' 
, ,- 1;' \" r! [.~ c h A v era 9 e p S ; ( ! 
.1(, Iii' P 1;' ... I .. , ~r-~42 !" 
, f' 
',. ' c' ~t'n II Cl' ,'n ' 
- .. ----.------.. --" II 
2:d EO 
I C3-2 I 296 404 J:.O 351 
I C3-3 354 354 
C6-1 567 775 721 687 1 
C6-2 671 581 626 663 I 
,--
C4-1 
C4-2 
C-3 
C5-1 
C5-2 
C5-3 
965 
1237 
1279 
812 
1398 
979 
931 
1004 
1250 
1050 
1121 
1142 
987 
(1) The a~erage of six tests 
__________ ------.J 
948 
1121 1111 I I 
I 
1255 
II 
OJ 
! 931 
I 1060 
1259 1084 
302 
278 
324 
695 
555 
661 
774 
874 
830 
880 
712 
fr = Standard mooulus of rupture from 6 x 6 x 21 in. beams. 
f; ; Modulus of rup~ure from 5 x 6 x 60 in. beams. 
f~*= Modulu~ of rupture from segments of beams 60 iO. long. 
301 500 
625 
610 
769 855 
807 850 
fr 
f** 
r 
.-f 
r 
f* 
r 
0.85 1 1.66 
0.9410.98 
0.69 1 1. 11 
0.7411.05 
~'l<4lf"r-" r---" ~ ,......-r'. ~~M"-I 'tika.'*41't-4 t...will,,. u..~ ~.oIh-" I~~~ ""'-"1 *- ·-..... 1 )0-." ...... ....... , .... ' "1 
'-J 
OJ 
1~";'" " ~ 
~.-.--: .. \0..- .... - .. t~ ... ~~ ...... .." i ..... _ .... ~ ~, .... ~ ~ ~ ~~ 10..--_ •. -.......J ........ 1_ __ .I ~.~ 
TABLE 3.2 
SUMMARY OF TESTS ON LONG BEAMS 
pl~ch i ne Standard control tests Long beam tests (2) 
head fi f r , 
.c E, f , f'X' fd, E, Qmax, 
movement, c' 
i Sp ' p r' 
Specimen in.lmin psi psi psi ksi psi psi psi ksi f d/f ~ f~/fsg 
.ti.Qs 
C3-1(1) 0.15 2200 500 265 1520 302 1310 2.18 
C3-2(1) II II 189 278 1200 0.71 2.00 
C3-3(1) II II .. 324 1560 2.33 
C6-1 0.15 2400 610 ~40 1720 335 695 1620 0.99 5.01 
C6-2 328 555 220 1778 0.67 0.97 4.01 
'-J 
ill 
C4-1 0.03 6600 855 765 3000 522 661 3120 0.68 4.76 
C4-2 II II 591 774 3430 0.72 5.57 
C4-3 0.~)l5 II 661 874 458 3076 0.69 0.86 6.29 
C5-1 0.015 7630 850 795 3100 667 830 3460 0.84 5.98 
C5-2 II II 682 880 418 3633 0.61 0.86 6.33 
C5-3 II II II 620 712 3160 0.78 5.13 
(1) = Bnams were precracked 
(2) = Obtained from measured beam deflection 
f* = i~odu 1 us of ruptllre obtained form long beams tes ts 
fp Cracking stress co~puted from proportional limit of moment-curvature curve 
..c 
= Stress after cracking, equal of fp~stress drop 'd 
TABLE 5.1 
DAMAGE IN TESTING SPECIMENS C3 AND C6 
Spec; rren C3 Specimen C6 
Load % of Load ILoad % of Load 
P, UltimJte i ncre- Observed Damage I P, Ultimate i ncre- Observed Damage Kips Load merit; Kips Load ment 
21 16 L6. Cracking inside at South 1~9 13 L6. Cracking inside at West Side of 
South beam 
30 23 L8. Cracking inside at North II 
24 17 L7. Cracking inside at North 
55 39 L ll. Cracking inside at East of South 
beam 
73 52 Ll3. Cracking outside at 110 deg 
98 76 . L18. Crack; ng outs i de at 11 0 deg II --' co 
C) 
109 84 L19. Crushing inside at 110 deg 
115 89 L20. Crushing outside at East 
side of South beam (failure 
section) 
117 91 L22. Crushing inside at 230 deg 117 83 L 16. Crushing outside, at East of North 
beam and at East of South be~m 
126 98 L23. Cracking outside at 230 124 88 L17. Crushing inside at 110 deg 
deg and crushing outside crushing outside at West of 
at both edges of the North South beam 
beam 
132 94 L19. Cracking outside, crushing inside 
at 140 deg cracking outside, 
crushing inside at 230 deg 
(failure section) 
129 100 Failure at East of South 140 100 L20. Failure a~proximatelY at ~30 de'g beam while applying L25 while tak ng instrumentat on 
readi ngs 
I.,.. Y:"':''';' t; ,~'.'".~ .. ... ,~ ...,....~ /""" ..... .- ,." ........ ., ~~· .. '· ... 1 j.1 .. , .. ~ I t.~i>""t ~.~ ~~ ... ~ rrN\~ ..... \ , ...... 'O, ,""' ~~ ........ Y' ....... , .. "'-'/11 ~."" .~ tfo' ..• "~.! 
,." .......... . 
Load 
P, 
Kips 
15 
15 
19 
23 
74 
94 
104 
115 
\1...: ...... -Of 1 ...... -..... ,","..r-r -.)·1 1,-( ·~->·.rtl I ....... _. ...... .... >+w-J -.". .. ,.,."" J''''-'''~ _"T'I'('I ~ 
TAGLE 5.2 
DA~1AGt IN TESTING SPECIt1ENS C4 AND C5 
Specimen CI1 
---- - -- -.--- - ---- -- - - .---~--.-
I __ ~ Specimen C5 
% of 
U1 t i ma te 
Load 
13 
13 
16 
20 
64 
82 
90 
100 
LO(ld 
inc r(>-
lI1ent 
UL 
LB. 
L9. 
LlO. 
L17. 
L20. 
L21. 
Load % of Load 
Oh~('rv(ld dill11,lqe r, Ultimate incre- Observed damage 
Kips Load ment 
- ---- ... - - -- --- -l-II-I ----------------------------------
Crilckillq inside at West 
edge of North beam and at 
East edue of South beam 
Cracking outside at 255 deg 
Cracking outside at 100 deg 
Cracking outside at 80 and 
285 deg 
Crushing outside at the East 
edge of the South beam and 
at the West edge of the North 
beam 
Crushing inside at 100 and 
285 deg (failure section) 
Spal1ing and shortening of 
the compression zone at 
285 deg 
Failure approximately at 
285 deg while applying 
L25 at no load increase 
over L24 
12 
22 
28 
78 
104 
110 
136.6 
I 
11
134
•
9 
I! 
!, 
9 L7. 
16 L9. 
20 Ll O. 
57 L 17. 
76 L21 
80 L24. 
100 L27. 
99 
Cracking inside at South 
and at the West edge of 
North beam 
Cracking outside at 100 deg 
Cracking outside at 70 and 
280 deg 
Crushing inside at 70 and 
285 deg (failure section) 
Crack at 285 deg starts clos-
ing as inside crushes 
progressively 
Spa11ing and shortening of 
the compression zone at 70 
deg 
Maximum load attained in 
test 
Failure approximately at 285 
deg while applying L29 
CX> 
TABLE 5.3 
DAMI\GE IN TESTHIG SPECIMENS C7 AND C8 
Specimen C7 Specimen C8 
Load % of Load Load % of Load 
p, U1 timate i ncre- Observed damage Pt Ultimate inc re- Observed damage 
Kips Load ment I Ki ps Load ment 
7 8 L8. Cracking inside at North 
and South 
20 24 L12. Cracking outside at 75 12 9 L6. Cracking inside at north and 
deg South 
31 37 L14. Cracking outside at 250 24 19 ' L8. Several cracks outside at both 
and 285 deg sides of the beams at East and 
~/es t. Cracks at 75 and 285 deg 
46 55 117. Cracking outside at 290 I opened considerably more than deg the others during the rest of . co the test N 
83 100 L21. Crushing inside opposite 
to crack at 285 deg and 
at 75 deg (failure region) 
Cracking outside at 45 and 
315 deg 
83 100 Final failure at North of 
. East beam while preparing to 
apply a L22 " 88 68 L13. Cracking outside around NW and SW quarter points 
119 92 L 15. Crushing inside opposite to 
crack at 75 and 285 (failure 
section) deg 
128.7 100 L17 •. Heavy spal1ing and some closing 
of tensile crack at 75 deg 
Maximum load Preached 
125 97 Failure at 285 deg while 
applying L20 
'"'o;:t·"'" I' ....... ~ .. ~ .. ..., ~ , .. .to ............. . rP.~, "! Hii,;,1,\1 tlnj.,·_ ,,~ ... ,.,~ ~.;~.~\.~. 
......... , 
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TABLE 5.4 
SUMMARY OF LINER MODEL TESTS 
Maximum N.:-S d·t ameter [-l~ diameter N-S diameter E-W diameter 
~1eas ured average changl~ at change at change at change at 
Nominal K , average K , active locld maximum maximum failure, in .• fail u re, "t n • 
Specimen k' / . 5 k' /. s p, ki ps 'load, in. load, in. 1 pS 1 n. 1 pS 1 n. 
Cl (1) 25 25 22 4. 1 i' 4.08 4.17 4.08 
C3 250 253 129 2. 5~i 1. 27 2.55 1.27 CD w 
C6 250 247 140 2.9S 1.40 2.95 1.40 
C4 100 99 115 3. 9~1 2.97 4.19 3.11 
C5 100 98 137 5. 6~~ 3.92 6.36 4.23 
C7 100 94 83 2.86 2.16 2.86 2.16 
C8 100 99 129 4·.44 3.25 4.68 3.42 
(1 ) Data adj us ted to correspond to an specimen 3 ft. ta 11 • Actual height was 6 ft. 
TABLE 6.1 
COMPARISON OF TEST RESULTS AT FAILURE 
r·1ax; mum Maximum T = Depth of 
lOfd /\0/0 at ihrtJ3 J' a camp. zone, c f' Ks I f'bt c p 2) maximum load c c=T /368 f' J (6) lJ' u' 
Specimen Reinforcement ksi kip/in. kips N-S E-W kips kips Tu/To 
(5) u. 1 c 
81 1 n. M/TR 
Cl 
C3 
C6 
C4 
C5 
C7 
C8 
fiber(l) 1. 64 25 22.5 0.037 0.036 42 354 · 12 .85 0.84 
fiber 2.2 250 129 0.0.22 0.011 239 475 .50 .85 3.55 0.027 
fi ber 2.4 250 140 0.026 0.012 27"1 518 .52 .85 3.69 0.029 
fiber 6.66 100 115 0.034 0.026 21S 1438 
· 15 .72 1. 24 0.043 
fiber 7.63 100 '3:7 0.049 0.034· 260 1648 · 16 .67 1. 41 0.048 
none 4.54 94 83 0.025 0.018 152 981 
· 15 .82 1. 13 0.048 
bars(l) 4.66 99 129 0.038 0.028 240 1085(4) .22 .82 1. 74 0.056 
(1 )Reinforcement of 1.5 percent by volume of steel fiber with dimensions 1 x 0.022 x 0.010 in. or 0.44 percent 
defonned bars in each face. 
(2)Maximum load P recorded, where P is the average active load as defined in Section 2.3 
(3)Maximum thrust at the failure section 
(4)Calculated for concrete plus reinforcing baY's (ASfy) 
(5)Shape factor for concrete stress distribution as defined in the ACI code 
(6)M is the maximum moment computed at the fai'lure section. T is the thrust corresponding to M. R is the average 
radius of the specimen or 57 in . 
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TABLE 6.2 
AVERAGE COMPRESSIVE STRAINS FROM ROTATION 
MEASUREMENTS NEAR FAILURE 
Average Compressive Strains 
Near Failure 
(1) Load 
Specimen Increment 
Percent of At Detection of 
Location r1ax. Load of Crushing The Specimen 
C3 
C6 
C4 
S 
S 
S 
S 
S· 
S 
89 
99 
88 
94 
64 
0.0043 
0.008 
0.0044 
0.016 
0.0048 
0.0056(2) 
C5(3) 
20 
24 
17 
19 
17 
24 
28 
15 
19 
19 
N 
100 
100 
92 
100 
76 
0.024 
C8 N 0.0054 
0.011 
C7(4) 
N 
N 0.0025 
(1) ~1eas ureo=nts were not taken at advanced 1 oadi ng stages for 
specimen C7. 
(2) Value considered unreliable. A wide crack formed close to the 
attachement of the measuring device to the specimen and probably 
disrupted measurements at advanced loading. 
(3) The load increment where crushing first occurred was not observed 
during testing. 
(4) Last rotation recorded, crushing not detected yet 
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APPENDIX A 
FABRICATION AND MATERIAL PROPERTIES OF TEST SPECIMENS 
A.l FABRICATION OF SPECIMENS 
The model liners were cast with their longitudinal axis vertical, 
in the same position that they were tested. The dimensions of the models 
were 36 in. high, 120 in. outside diameter and 108 in. inside diameter. 
The forms used to cast the models consisted of two metal cylinders made 
of 11 gage smooth sheet steel. The form and casting operation are shown 
ir. Fig. A.l. Vertical butt splices in both the cylinders facilitated 
removal of the forms from the specimen. 
The 6 in. specimen thickness was maintained at the bottom by closely 
spaced clip angles attached to the forms and bolted to the wood platform 
on which the form rested, and at the top by metal separators between the 
inside and outside cylinders. Additional control of specimen thickness 
was provided by pairs of pipes 3/8 in. 00 and 6 in. long placed near mid-
height between the forms to fOr'm holes that were later used as part of 
the instrumentation. These pairs of pipes were 13 to 14 in. apart cir-
cumferentially and centered at section 90 deg apart on the specimen; the 
resulting radial holes were used to support devices for measuring the 
relative rotations between the sections where the devices were attached. 
Different mix proportions were used to obtain low strength and high 
strength specimens; Fly ash was substituted for part of the cement in the 
mix for C3 and C6 to obtain the lower strengths. This mix provides reduced 
strength and maintains the proportion of cementitious solids. For specimens 
C4~ C5, C7, and C8 that were to have higher strength, standard ingredients 
were used. 
The sand and gravel was purchased from a local ready-mix plant and 
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transported to the laboratory in a transit mix truck. The truck arrived 
with the proper amount of aggregate that contained some natural water. 
The remaining ingredients were added at the laboratory. For the steel-
fiber-reinforced concrete (SFRC) specimens C3, C4, C5 and C6, water cal-
culated to provide an adequate slump was added first, after which steel 
fibers were sprinkled into the transit mix hopper. After a short time 
of mixing, the cementitious materials were added. For specimens C7 and C8, 
only cement and water were added at the laboratory. In spite of the care 
exercised in proportioning the material, the strength of the concrete was 
always greater than expected. 
The SFRC specimens were cast in two lifts of about 18 in., and 
specimens C7 and C8 in three lifts of about 12 in. Each lift was vibrated 
at its midhe;gh~ with two form vibrators attached to the walls of the inside 
form 180 deg apart. When the vibrators were raised for succeeding lifts 
they were rotatec 90 deg from the previous position to distribute the 
agitation ~ore ur1fomly. External vibration was used primarily because 
it is cons i de"-e:.: "'ecessary for SFRC and the forms and casting arrangement 
were origi~al ~j c~~~gned for that type of specimen. 
The for:~, Vo>:·'-(' rer10ved after one day and the specimens were cured 
under mois~ ccr~':~J~S by covering them with wet burlap and vinyl sheeting. 
After the the SFRC specimens, and after the 7th day for 
specimens C7 arC: :E. curing continued in the laboratory air which is main-
tained at approxl~a~ely 50 percent relative humidity. 
Specimens C3, C4, C5 and C6 were reinforced by randomly oriented 
steel fiber at 1.5 percent by volume. The fiber was U.S. Steel Fibercon, 
which is 1 in. long and 0.22 x 0.010 in. in cross section. 
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Specimen C7 contained no reinforcement whereas C8 was reinforced as 
shown in Fig. A.2. The main reinforcement was seven No.3 deformed bars 
circumferentia11y oriented near each face of the specimen. Vertical 
spacing of the bars was 5 in., and in. clearance was maintained between 
the bars and the adjacent surface. This arrangement gives a steel per-
centage (100 A /bd) to resist circumferential forces of 0.44 in each face 
s 
of the section. In addition two No.3 deformed bars were placed vertically 
(longit~dinal to the liner) and spaced 13.33 deg around the specimen in-
side the circumferential reinforcement (Fig. A.2). 
Two splices in each circumferential bar was lapped 3.5 in and welded. 
The splices were staggered so that normally only one splice occurred 
adjacent to each face at any section, and they were uniformly spaced 
around the specimen at 30 deg angles at the load points. The bars 
were wired in place to maintain close dimensional tolerance during 
vibration. 
A.2 MATERIAL PROPERTI ES 
A total of 2.4 cu yds of concrete was mixed with Type 1 cement for 
all six liner models and the control specimens. The mix proportions, 
slump and air entrained are given for all specimens in Table A.1. 
Specimens C3, (6, C4 and C5, Reinforced With Steel Fiber 
A summary of the mechanical properties of the hardened concrete is 
presented in Table 2.1. Those properites were obtained by testing control 
specimens at various times before and after the liner test and picking 
from the graphed results the values at the time of test. Each test point 
for compressive strength f' was the average of 3 or more individual tests. 
c 
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Each test point for the modulus of rupture is the average of 3 or more 
tests of 6 x 6 x 21 in. flexure specimens. The splitting tensile strength 
is the average of 6 tests of 6 x 6 in. split cylinder specimens, performed 
at the same time of testing of the specimen models. 
The modulus of ruptute, splitting tensile strength tests, and the 
compression cYlinders tested with load control were performed in a RIEHLE 
hydraulically controlled machine with 300 kip capacity, at the loading 
rate specified by the ASTM specification for these tests. The compression 
cylinders tested to obtain stress-strain curves were performed in a 600 
kip MTS hydraulic, closed-loop testing machine. Strain was measured with 
a compressometer having a 6 in. gage length, and the stress-strain curves 
were continuously recorded by an X-V recorder. The modulus of elasticity 
reported in Table 2.1, is the initial tangent to those curves and is the 
average of three or more tests. 
Specimens C7 and C8 
A summary of the mechanical properites of the hardened concrete is 
.~resented in Table 2.1 and more details are given in Table A.2. The modulus 
of rupture and splitting tensile strength tests were performed in the same 
manner as the specimens reinforced with steel fiber. All the compression 
cylinders were tested in the 600 kip MTS hydraulic closed loop testing 
machine. A number of them were tested under the specified ASTM load 
control rate, to obtain the standard flc value. The others, as detailed 
in Table A.2 were tested under various rates of head movement of the 
machine, to obtain the stress-strain curve. The values of the modulus 
of elasticity reported in Table A.2, were taken as the initial tangent 
of these stress-strain curves. 
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Correlation of strength with rate of testing machine head movement 
is inconsistent for the tests on cylinders from specimens C7 and C8. 
For C7 the strength decreased with reduced head movement rate while for 
C8 it increased. This inconsistency results from the scatter in the 
results because of the small number of tests performed at the slow rates. 
Several tests were performed at the standard loading rate for compression 
cy1 inder tests so the comparative results for f' are reliable and indicate 
c 
that the concrete strength for specimen C8 was about 100 psi greater than 
that for C7. 
Coupons of about 15 in. length were cut from the end of each of the 
deformed reinforcing bars and 15 of them were tested·to obtain the stress-
strain properties. The load-deformation curve was recorded continuously 
with an X-Y recorder. and the deformation was measured in a gage length 
of 2 in. A typical stress-strain curve is shown in Fig. 3.9. 
TABLE A.1 
MIX PROPORTIONS FOR SPECIMEN MODELS (1) 
Specimen 
C3 C6 C4 C5 . C7 C8 
Sand, lb 2080 1994 1462 1470 1660 1602 
Pea gravel. lb 549 622 1045 1063 1233 1232 
Fly ash, lb 358 308 
Cement type 1. 1b 179 282 793 805 582 524 N ~ 
~ 
F re e wa te r. 1 b 441 427 439 439 360 387 
Fibers, 1b \ 200 197 197 200 
Unit weight. lb/cu ft 141 142 146 147 142 not taken 
Slump, in. 5 8.25 6 5.25 6.0 7.0 
Air entrained, percent 2.8 0.1 0.2 0.7 0.9 not taken 
(l)Quantities for 1 cu yd batch for saturated surface-dry aggregates. 
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TABLE A.2 
PROPERTIES OF HARDENED CONCRETE FOR SPECIMENS 
C7 AND C8(1) 
Specimen 
Compressive strength, psi 
0.3 in./min 
0.03 in./min 
0.006 in./min 
0.003 in./min 
35 psi/sec 
Average of all specimens 
Modulus of rupture, psi 
Splitting tensile strength, psi 
Modulus of elasticity, ksi 
(1) [ ] = Numbers of tests 
(2) Tested at an age of 109 days 
(3) Age = 106 days 
(4) Age = 113 days 
C7(2) C8(5) 
4310 [2J 
4790 [3J 4520 [2J 
4650 [4J 4740 [3J 
4330 [3J 4820 [2J 
4520 [5J 4620 [9J 
4540 [17J(3) 4650 [16J(6) 
782 [6J(4) 650 [6J (7) 
539 [6J(4) 454 [6J(7) 
3.0 x 106 3.0 x 10 6 
(5) Tested at an age of 135 days 
(6) Age = 141 days 
(7) Age = 137 days 
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(a) Casting operation 
, 
(b) Inside of form with vibrator 1 
FIG. A.l FORMS AND CASTING OPERATION 
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3511 
Typical Spl ice 
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Vertical Ba r (No.3) 
Circumferential 
Bar (No.3) 
~l J~ 
III III Clearance 
Section A-A 
FIG. A.2 REINFORCEMENT FOR SPECIMEN C8 
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APPENDIX B 
INSTRUMENTATION, LOADING EQUIPMENT 
AND TEST PROCEDURE 
B.l INSTRUMENTATION 
A series of SR-4 strain gages was placed circumferentially at mid-
height on the inside and outside surfaces of the specimens near the four 
quarter points to locate the position of four inflection points. After 
the testing of each specimen, a better knowledge of the probable location 
of the inflection points was obtained, and the position of the strain gages 
in subsequent tests was improved accordingly. The horizontal location of 
the mid-height gages are shown in Fig. B.l. A few gages were also located 
near the top and bottom of the specimen to study the vertical distribution 
of load i ng . 
The relative rotation between the ends of segments of the specimens 
at North, South, East and West was measured in all tests. The device used 
is shown in Fig. B.2 and was located about mid-height of the specimen. 
It is designed to measure the relative rotation in the high moment region 
where the load was applied. This was done by measuring the rotation of 
brackets attached to the specimen at the ends of the segment by bolts 
through holes in the specimen. Thus the total rotation of this segment 
due to elastic deformation arid cracking 'lias measured. 
The change in each of the six loaded diameters was measured with 
linear variable differential transformers (LVDT 1 s) connected to tensioned 
wires across the diameters, and placed about mid-height as shown in Fig. 
B.3. The individual deflections of all twelve loaded points were also 
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measured near mid-height by dial gages attached to the floor. The 
deflections measured by the dial gages were in the direction of the radius 
before loading started. This measurement direction was maintained even 
after the specimen was deformed. 
The loads applied by each of the 24 rams were measured with load 
cells placed between the ram and the load-spreading beams, as shown in 
Fig. 8.4. A full set of measurements was taken at each load increment. 
The electronic measuring devices were connected to automatic switching 
and recording equipment. The sequence of readings was the load cells, 
the LVDT's and strain gages, and then the load cells again. This process 
took about ~O min and the second set of load readings allowed the calcula-
tion of decrease in load due to creep of the specimen or loss of hydraulic 
fluid from the loading system. In general the first set of loads was 
used in evaluating the tests and was quite close to the second set unless 
the specimen was near failure or a large leak in the hydraulic system 
had occurred. 
Voltages read by the equipment were automatically recorded by a 
teletype w"'1C" ::r:,:juced a punched paper tape and typed copy. The data 
was imediatt"'_" :rar.sr.itted, using the paper tape, to a computer where 
it was convpr:~c to more usable information in terms of loads and deforma-
tions, and re:~r~ed to the test site. In this way information obtained 
from each lncre~r.t of load was used to.plan the next increment. 
B.2 LOADING EQ0IPMENT AND TEST PROCEDURE 
At each of the twelve loading points there were two 50-ton rams. 
located 5 in. from the top and bottom edges of the 35 in. high specimen, 
300 
as shown in Fig. B.3. The rams applied load to the specimen through 
ball joints bearing on W8 x 48 steel load-spreading beams grouted in 
place against the outer specimen surface. Stiffeners were welded to 
the beam where it was loaded by the rams to prevent buckling of the 
web of the steel beam (Figs. B. 4). 
The loads were applied so that they would be self-equilibrating, 
but friction in the rams caused slightly nonsymmetrical forces that 
resulted in a tendency for the specimen to rotate. To avoid this rota-
tion, brackets were attached to the load-spreading beams at the cardinal 
sections. In Fig. B.5 the bracket used for C3, C4, C5 and C6 is shown. 
Rollers were provided between the bracket and the steel beam, so that 
the specimen could displace radially. Forces tangential to the specimen 
were developed between the bracket and beam, and details concerning those 
forces are given in Section 5.4.1. For specimens C7 and C8 a brace was 
built that allowed the resisting force in it to be measured. This device 
is shown in Fig. B.6. 
In all the tests, the passive stiffness, as defined in Section 2.1, 
was controlled separately for PA, PB and Pc (these forces are defined in 
Section 2.3). Control was accomplished by using an X-Y recorder with the 
load cell connected to the Y axis and an LVOT to measure the corresponding 
diameter change to the X axis. The desired force-displacement relationship 
was drawn on the graph paper of the recorder and the applied force was 
adjusted by varying the ram pressure with a manual pump so that the pen 
of the recorder followed the predetermined line. 
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Active load increments were applied by increasing pressure in the 
hydraulic system while the passive forces were adjusted. When the active 
loads reached a predetermined value, time was allowed for the hydraulic 
system to attain equilibrium, after which all hydraulic valves were 
closed and the instrumentation readings taken. This procedure from the 
beginning of ·load application to the end of the readings required 15 to 
20 min. Some additional time was required to obtain the results from 
the computer and plot them before the next load increment was applied. 
The total duration of a test was 10 to 12 hrs. At high load levels 
creep of the specimen or small leaks in the hydraulic system caused some 
load loss during the period when the readings were taken. When the 
losses became significant, the hydraulic system was continuously monitored 
and the hydraulic pressure maintained during the reading process. 
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FIG. B.2 ROTATION MEASURING DEVICE IN AREAS OF HIGH MOMENT 
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Specimen Bracket 
4 x 4 x 5/16 in. 
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Steel plate 
Rollers 
~-+-----I--4-_Load-spreadi ng beam 
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Detail A 
FIG. 8.5 BRACKETS LOCATED AT THE CARDINAL SECTIONS 
OF SPECIMENS C3, C6, C4 and C5 TO PREVENT 
RIGID BODY MOTION 
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:-~~~==~Cylindrical Seat 
Cell 
Load Cell 
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Specimen 
FIG. B.6 BRACES LOCATED AT THE CARDINAL SECTIONS 
OF SPECIMENS C7 AND C8 TO PREVENT RIGID 
BODY MOTION 
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APPENDIX C 
DETERMINATION OF THE CHANGE IN SLOPE AT CRACKING 
OF THE MOMENT-CURVATURE CURVE OF STEEL-FIBER 
REINFORCED CONCRETE 
The stress drop in the flexural tension stress-strain curve of 
steel-fiber reinforced concrete is given by Eq. 3.2. In this equation, 
the parameter 6M' is the change in slope of the M-~ curve, from the 
slope of the linear portion, at the point of slope discontinuity 
(cracking). Since the direct determination of 6M' from the M-~ graph 
presented some difficulty, an indirect computational method was developed 
that is described in Ref. 1 (Herrin et al., 1974). The following 
discussion follows closely the work presented in that reference. 
The quantity 6M' in Eq. 3.2 can be obtained indirectly by considering 
the quantities 6M and 6~ shown in Fig. C.l. The difference between the 
moment found from linear extrapolation of the M-~ diagram beyond the 
slope discontinuity and the actual moment is the quantity 6M; 6~ is the 
curvature coordinate measured from the slope discontinuity. The relation 
6M = f(6~) may then be expanded in a Maclaurin's series, which results in: 
2 f(L~) = tM(O) + 6M'(O) 6~ + 6M"(O) ~ + (C.1) 
In the above equation, 6~1(O) = 0 since the coordinate axis for the function 
is taken at the slope discontinuity in the M-~ curve. 
Points near the discontinuity determined from experiment are used 
in order to make a plot of log 16MI vs. log 6~. Near the discontinuity, 
this curve should be a straight line, the slope of which will indicate 
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which term of Eq. C.1 is predominant in the portion of the curve near 
the discontinuity. 
This procedure was followed in the experimental work described in 
Ref. 1, and it was found that the resulting log I~MI vs. log ~cp curve 
was a straight line with an approximate slope of unity. This indicated 
that the first derivative of the function ~M, evaluated at ~cp = 0, was 
the predominant term in the series of Eq. C.l. This can be seen by 
considering the equation of the line resulting from plotting log I~MI vs. 
log 6¢: 
log I~MI = (slope) log ~cp + log B (C.2) 
where slope = 1 in this case, and log B is the y-intercept of the log I~MI 
vs. log 6¢ plot. Taking the antilog of Eq. C.l results in: 
(C.3) 
Comparing Eq. C.3 to Eq. C.l indicates that the higher order terms of the 
expansion do not significantly enter into the function f(~cp) near the 
discontinuity. Therefore Eq. C.l may be rewritten in the form: 
f ( ~cp) = ~M I (0) • ~cp (C.4) 
where 6H 1 (O) is the constant, B, in Eq. C.3 and is found by extrapolation 
of the straight line of the log I~MI vs. log ~cp plot to the point where 
log 6¢ = o. Since all of these experimental points may not lie exactly 
on the straight line with a slope of unity, this extrapolation may be 
carried out by using the best fit straight line technique for a line with 
310 
a slope of unity, defined by the points calculated from the experimemtal 
log 16Mlvs. log 6¢ curve. The value of 6M ' found by using this procedure 
is actually a negative number. Keeping this in mind, the change of 
stress determined by Eq. 3.2 is actually a stress drop. 
In order to use the above technique for the determination of 60, 
the line that is defined on the log 16MI vs. log 6¢ graph must have a 
slope of approximately unity, and the best straight line through the 
data points used for extrapolation must have this slope exactly. The 
slightly different slope that may be calculated for the actual line 
using the best fit straight line technique cannot be used. If the actual 
slope of the line is significantly different from l~ the approach 
presented is not valid. 
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FIG. C.1 SCHEMATIC REPRESENTATION OF 
QUANTITIES REQUIRED IN COMPUTATIONAL 
METHOD 

